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Abstract

In recent years the so-called Extended Nijboer-Zernike theory of
di�raction has been introduced. Not only could this theory c alculate
the intensity distribution in focus with great accuracy whi le reducing
the computational burden, it also opened the way for aberration re-
trieval based upon intensity data obtained from the focal region alone.
In this report we will treat the high-numerical-aperture ve rsion of the
Extended Nijboer-Zernike formalism for both forward calculations and
aberration retrieval. An implementation in MatLab-code is presented
and tested during various numerical simulations. It is shown that,
for relatively small aberrations, the basic retrieval scheme is highly
accurate. For larger aberrations retrieval accuracy is no longer suf-
�cient and a so-called predictor-corrector iteration procedure has to
be applied. Using this procedure and assuming ideal circumstances it
was found that Extended Nijboer-Zernike retrieval results converge to
their exact values even for systems containing aberrationsapproach-
ing two times the di�raction limit. Subsequently, the imple mentation
is applied to look ahead for possible complications introduced when
dealing with experimental data. We found that, for aberrati on re-
trieval to be accurate, especially the numerical aperture and the state
of polarization of the incident light, for the optical system under con-
sideration, should be known with great accuracy.
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1 Introduction

The following report has been written to conclude my Mastersgraduation
project at the Optics Research Group of the Department of Imaging Sci-
ence and Technology at the faculty of Applied Sciences, Delft University of
Technology. The subject of my project was the application ofthe Extended
Nijboer-Zernike theory for optical systems of high numerical aperture to both
forward calculation and aberration retrieval. This reportsummarizes my ac-
tivities and results obtained during research on this subject between Feb.
and Dec. 2005.

Extended Nijboer-Zernike theory, or ENZ-theory in short-hand notation,
is a formalism capable of calculating the exact �eld distribution in the focal
region of an optical system. The study of such distributionsis of great prac-
tical importance. High-aperture focussed �elds are encountered in numerous
applications such as advanced high-resolution microscopyand cutting-edge
optical lithography. Also the next generation in optical data storage, the Blu
Ray Disc System, operates at a numerical aperture (NA) as large as 0.85
at which vectorial �eld e�ects can not be neglected. All these applications
require a detailed description of the �eld distribution in order to accurately
predict the interactions occurring in the focal region.

Ever since the work of Ignatowsky(1919), Richards and Wolf(1959), a
set of equations is available that, in principle, makes it possible to calculate
the electromagnetic �eld vectors in the focalregion if a description of the
�eld in the exit pupil is available. The problem is that theseequations for
the electromagnetic �eld components rely on a set of integrals for which
an analytical solution is not available in the general case.Of course, the
equations can be solved using brute force numerical calculation, but the
computer power to do this has only been available in the last decade and
still consumes a lot of time. The major step in tackling this problem was
taken by Janssen(2002) in his paper: "Extended Nijboer-Zernike approach
for the computation of optical point-spread functions". Inthis paper ENZ-
theory �nds its origin as an analytical evaluation of the di�raction integrals
is proposed and assessed.

Basic ENZ-theory, as introduced in the paper by Janssen, wasinitially
limited to the treatment of systems described by scalar di�raction theory.
However, in a recent paper by Braat, Dirksen, Janssen and v.d. Nes ([5]),
a vectorial version of the ENZ-formalism is constructed suiting the ENZ-
formalism to cope with system of high numerical aperture (high-NA). It is
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this version of the ENZ-formalism that will be treated in this report.
As the ENZ-formalism can be a tempting alternative to established meth-

ods to calculate the �eld in the focal region, it is not only this feature that is
of particular interest. ENZ-theory's most appealing feature is the fact that
it provides a semi-analytic expression of the intensity point-spread function.
This enables us to develop a retrieval procedure which can reconstruct the
aberration function, in terms of Zernike coe�cients, of theimaging system
under consideration. These determined Zernike coe�cientscharacterize the
system and, in addition, have physical relevance. Each coe�cient can be
attributed directly to an actual aberration such as coma or astigmatism. In
other words the ENZ-formalism determines both the nature and magnitude
of aberrations present in a system and therefore is particularly useful in op-
erations to 'repair' or compensate defects present in your optical system.

In Chapter 2 of this report we will show, starting from the classical Igna-
towsky/Richards and Wolf formulas and following the path ofENZ-analysis
followed by Janssen, how to arrive at an accurate description of the �eld in
the focal region that is no longer depending on purely numerical evaluation
of the di�raction integrals. In addition a MatLab implement ation of the
ENZ-analysis is presented, capable of accurately calculating the �eld in the
focal region. Finally, this set of tools is used to calculateand graphically
display the �eld in the focal region, for some examples, giving much insight
and a good feeling for what is actually going on in that focal region.

In Chapter 3 we engage ourselves into the ENZ-retrieval process. First
the mechanism behind ENZ-retrieval from intensity data is shown and the
required expressions are presented. Next an implementation of ENZ-retrieval
is introduced and applied to perform some initial retrievaloperations. Results
of these operations will make it apparent that retrieval from intensity data in
general is not exact and some correction is needed. To this end we present a
so-called predictor-corrector procedure which makes retrieval results converge
to their exact values. Finally, to conclude the chapter, we assess the ENZ-
retrieval and investigate some of the complications introduced by using actual
data obtained through experiment.

We end this report with some discussion and conclusions concerning ENZ-
theory in general. I also like to mention the extensive Appendices included in
this report. In particular I refer to Appendix C, where all MatLab-functions
and scripts are included to calculate the intensity distributions in focus and
do aberration retrieval according to ENZ-theory.
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2 Forward ENZ-calculations

In this chapter we will treat the ENZ-theory and discuss its features concern-
ing forward calculation of the intensity point-spread function. In Sec. 2.1, we
will derive the expressions, based on the Extended Nijboer-Zernike theory,
necessary to calculate the intensity distributions in the focal region when the
�eld in the exit pupil is known. This will lead to a rather simple and elegant
expression for calculation of the impulse response of an optical systems with
an numerical aperture (NA) below 0:60. For systems with an NA� 0:60, a
somewhat more elaborate expression is derived. Still, in Sec. 2.2, it will be
shown that both expressions can be conveniently implemented into MatLab
computer code. Thorough testing of this implementation is subsequently
conducted in Sec. 2.3 after which some interesting examplesare treated in
Sec. 2.4. Finally, we will end this Chapter with some conclusions regarding
forward ENZ-calculation.

2.1 The ENZ-representation of di�raction

In the current Section we will derive the expressions describing the intensity
distribution in the focal region of a general optical system. First the expres-
sions for low-NA are derived as proposed in Ref. [3]. Next, the necessary
extensions are performed to suit the theory for systems of high NA, following
the outline in Refs. [6] and [5].

2.1.1 Expressions for low numerical aperture (NA � 0:60)

The basic scalar di�raction integral to be evaluated for obtaining the spatial
impulse responseU(x; y) in image space of a system with low numerical
aperture (see Ref.[9], Sec. 9.1) reads

U(x; y) =
1
�

Z Z

� 2+ � 2 � 1
A(�; � ) expf i �( �; � )gexp

�
i (� 2 + � 2)f

	

� exp[i2� (�x + �y )]d�d�

(1)

where � and � are the normalized coordinates of a general point on the
exit pupil sphere and (x; y) are the image plane coordinates (see Fig.1);with
some liberal use of notation, we introduced the amplitude transmittance
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Figure 1: A point source atO emits a spherical wave towards the schemati-
cally represented optical system. In the image space an aberrated wave front
W leaves the exit pupil (center atE) and comes to focus close to the image
plane through O0. S is the spherical reference wave front. The normalized
Cartesian pupil coordinates are denoted by (�; � ), and the coordinates (x; y)
in the image plane have been normalized with respect to the di�raction unit

�
NA , whereNA is the image-side numerical aperture of the optical system.

function A(�; � ) of the optical system and the wavefront aberration, �(�; � ),
expressed in radians. The factorf represents the defocussing wheref = �= 2
corresponds to one focal depth.

The transformation from cartesian to polar coordinates on the exit pupil
sphere and in the image plane is formally written as� + i� = � exp(i� ) and
x + iy = r exp(i� ), this results in

U(x; y) =
1
�

Z 1

0
� exp(if � 2)

� Z 2�

0
A(�; � ) expf i �( �; � )g

� expf i2�r� cos(� � � )g d�
�

d� ; (2)
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The point-spread function given in Eq.(2) can be expanded toform

U(x; y) =
1
�

1X

k=0

i k

k!

Z 1

0
� exp(if � 2)

� Z 2�

0
� k(�; � + � )

� expf i2�r� cos� g d�
�

d� : (3)

where we have putA(�; � ) equal to unity. We now follow the work of Nijboer
and represent the aberration function � as a Zernike expansion

�( �; � ) =
X

n;m

� nm Rm
n (� ) cosm� ; (4)

(where Rm
n (� ) are the radial Zernike polynomials. We refer to [9], Sec. 9.2

and App. VII, for general information about the Zernike polynomialsRjmj
n (� )

and their use in the theory of optical aberrations.) This allows us, when
aberrations are small enough that truncation of the in�niteseries in Eq.(3)
after the term k = 1 is allowed, to write (using elementary Bessel function
theory),

U(x; y) � 2
Z 1

0
� exp(if � 2)J0(2��r )d� +

2i
X

n;m

im � nm

Z 1

0
� exp(if � 2)Rm

n (� )Jm (2��r )d� cosm�: (5)

The reduction of this integral, as proposed in the standard Nijboer-Zernike
theory, is rather cumbersome. It involves an ad hoc procedure for writing
products of Zernike polynomials, which occur when the factor exp(if � 2) is
written as a Zernike expansion (a linear combination of Zernike polynomials).
Together with the basic identity

Z 1

0
�R m

n (� )Jm (2��r )d� = ( � 1)
n � m

2
Jn+1 (2�r )

2�r
: (6)

this made it possible to approximateU(x; y) for some special cases.
However, for Nijboer the representation of products of Zernike polyno-

mials (k = 2) remained in a guess-and-try stage not even to mention the
further implications introduced when larger values fork in Eq.(3), are taken
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into account. This changed in 2002 when an extension to the Nijboer-Zernike
theory was proposed and formulated by Janssen (Ref. [3]). Inhis paper it
was shown that, when an expansion of a general pupil functionA exp(i �) in
terms of Zernike polynomials was written as (Ref. [7])

A(�; � ) exp[i �( �; � )] =
X

n;m

� m
n Rm

n (� ) cosm� (7)

with coe�cients � m
n (n � m � 0, n � m even) that are complex in general,

Eq.(5) can be written as

U(x; y) = 2
X

n;m

� m
n im V m

n cosm� ; (8)

where

V m
n =

Z 1

0
� exp(if � 2)Rm

n (� )Jm (2��r )d� (9)

for integersn; m � 0 with n � m � 0 and even.
The crucial step, made by Janssen, was the derivation of a Lommel type

series representation for the integral at the right of Eq. (9). It reads

V m
n = exp( if )

1X

l=1

(� 2if ) l � 1
pX

j =0

vlj
Jm+ l+2 j (v)

lv l
(10)

with vlj given by

vlj = ( � 1)p(m+ l+2 j )
�

m + j + l � 1
l � 1

��
j + l � 1

l � 1

��
l � 1
p � j

���
q+ l + j

l

�
;

(11)
with l = 1; 2; : : : ; j = 0; : : : ; p. In (10) we have set

v = 2�r ; p =
n � m

2
; q =

n + m
2

: (12)

Note that (10) still contains an in�nite sum over l, but it is shown in Ref. [6]
that su�cient accuracy is attained when the series is truncated for l � 3f .
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2.1.2 Expressions for high Numerical Aperture (NA ! 1.00)

Eqs. (7) to (12) above make it possible to accurately computate U(x; y) for
systems with a small-to-medium large numerical aperture(NA � 0:60). If we
want to expand the validity of this formalism to systems having an NA close
to 1, various e�ects have to be taken into account. First of all, the scalar
di�raction integral is no longer valid at such high values ofthe numerical
aperture and we therefore have to treat the full vectorial case. In addition
polarization becomes important and also the radiometric e�ect has to be
taken into account.

In order to arrive at the complex �eld componentsEx , Ey and Ez in the
focal region we follow the outline as presented in Sec. 4 of Ref. [5] with
the following adaptation. The radiometric e�ect is no longer included in
the expansion of thex� and y� polarized �eld components but instead is
included as a seperate factor (1� s0� 2)� 1

4 in the integral de�ning V m
n;j . The

derivation of the complex �eld components in Ref. [5] can be summarized as
follows.

In Fig. 2 a general situation of an optical system with an entrance pupil
S0 and an exit pupil S1 is depicted. Following the analysis given in Ref.[8] we
can accommodate the most general �eld distribution that canbe encountered
in the entrance or exit pupil of an optical system by

B x (�; � ) = Ax (�; � ) exp [i2�W (�; � )]

B y(�; � ) = Ay(�; � ) exp [i2�W (�; � ) + i� (�; � )] ; (13)

whereAx andAy are real-valued functions describing the �eld strengths inthe
x- and y-direction, W(�; � ) is also real-valued and describes the wavefront
aberration in units of � , the wavelength of the light, due to optical path
length variation common to both polarization states. The angle � (�; � ) is
the spatially varying phase di�erence that we have chosen toappear in the
y-component. Nonzero values of� are caused by birefringence in the optical
system or by polarization-dependent phase jumps at discontinuities in the
optical system (e.g. air-glass transitions, optical surface coatings etc.). Note
that � can be restricted to the range [� �; + � ].

According to ENZ-analysis this gives rise to the following expansion of
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Figure 2: The propagation of the incident wave from the entrance pupil S0

through the optical system towards the exit pupilS1 and the focal region at
the image planePI . The incident wave has a planar wave front. The unit
propagation vector has been denoted bys0, the meridional and tangential
�eld components are directed along, respectively, the unitvectors e0 and
g0. After propagation through the optical system, the �eld components in
the exit pupil are projected onto the unit vectorse1 and g1, that form an
orthogonal basis with the local propagation vectors1. The position on the
exit pupil sphere is de�ned by means of the cylindrical coordinates (�; � );
the position in the image plane region is de�ned by the cylindrical coordi-
nate system (r; �; f ). The maximum aperture (NA) of the imaging pencil is
represented bys0 = sin � max .

these distributions in the exit pupil

B x (�; � ) =
X

n;m

� m
n;x Rjmj

n (� ) exp [im� ];

B y(�; � ) =
X

n;m

� m
n;y Rjmj

n (� ) exp [im� ]; (14)

where the summation is over all integern; m with n � j mj � 0 and even.
We may point out here that we use Zernike expansions involving the com-
plex exponential exp [im� ], integer m, rather than expansions involving the
real trigonometric functions cos(m� ), sin(m� ), integer m � 0. Note that in
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arriving at Eq. (14) from Eq. (13) we used

expf i� nm Rm
n cos(m� )g =

1X

n=0

(i� nm Rm
n cos(m� ))n

n!
=

X

n;m

� m
n Rjmj

n exp [im� ] :

(15)
This means that on passing from� -coe�cients, which are physically rele-
vant, to � -coe�cients, we loose the direct physical relevance of the coe�-
cients in the formalism. For small aberration acquiring� -coe�cients from
� -coe�cients remains straightforward, but when aberrations get larger this
process should be handled with care. During the remainder ofthis report we
shall focus on the� -coe�cients and not bother about recovering� -coe�cients
out of a set of� 's.

Now, following the developments in Ref.[5] and transferring to cylindrical
coordinates, this results in the following set of equationsfor the electric �eld:

Ex(r; �; f ) = � i
s 2
0 exp

�
� if
u0

� X

n;m

im � m
n;x exp [im� ] �

0

B
@

V m
n;0 + s2

0
2 V m

n;2 exp [2i� ] + s2
0
2 V m

n; � 2 exp [� 2i� ]

� is 2
0

2 V m
n;2 exp [2i� ] + is 2

0
2 V m

n; � 2 exp [� 2i� ]
� is0V m

n;1 exp [i� ] + is0V m
n; � 1 exp [� i� ]

1

C
A : (16)

Ey(r; �; f ) = � i
s 2
0 exp

�
� if
u0

� X

n;m

im � m
n;y exp [im� ] �

0

B
@

� is 2
0

2 V m
n;2 exp [2i� ] + is 2

0
2 V m

n; � 2 exp [� 2i� ]

V m
n;0 � s2

0
2 V m

n;2 exp [2i� ] � s2
0
2 V m

n; � 2 exp [� 2i� ]
� s0V m

n;1 exp [i� ] � s0V m
n; � 1 exp [� i� ]

1

C
A : (17)

where the quantity 
 = �R
� is a proportionality constant, f is the defocus

parameter, u0 = 1 �
p

1 � s2
0 and the function V m

n;j , for j = � 2; � 1; 0; 1; 2,
reads

V m
n;j =

Z 1

0
� j j j

�
1 � s2

0� 2
� � 1

4

�
1 +

q
1 � s2

0� 2

� �j j j+1

�

exp
�

if
u0

�
1 �

q
1 � s2

0� 2

��
Rjmj

n (� )Jm+ j (2�r� )�d� : (18)
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The above integral shows resemblance with the basic integral V m
n (r; f ) (Eq.

(9)) occurring in the treatment of the scalar problem in the previous section.
To transform Eq. (16) into an expression that is suitable forcalculation we
would like to write V m

n;j as a Bessel-series similar to Eq. (10).
For the limiting case of a vanishing numerical aperture (s0 ! 0), and

x-polarization in the entrance pupil, the expressions for the �eld components
Ey and Ez result in a value of zero and we observe that the �eld component
Ex then yields the value corresponding to scalar di�raction. In the general
case,V m

n;j has a more complicated dependence on� and f than its scalar
counterpart V m

n , this because of the appearance of� j j j and three other factors
containing s0. Furthermore the upper index of the Zernike polynomial is no
longer identical to the order of the Bessel function, which was an essential
condition for arriving at the Bessel series expression.

Extended Nijboer-Zernike theory provides us with a scheme of successive
steps to be taken in order to arrive at a systematically written series for
V m

n;j . It consists of three basic steps that we will address separately below.
(Detailed derivations of the approximations used in this scheme can be found
in Appendix A.)

� We start by writing the three factors containing s2
0 in the integrand of

Eq. 18 as
�

1 +
q

1 � s2
0� 2

� �j j j+1 �
1 � s2

0� 2
� � 1

4 exp
�

if
u0

�
1 �

q
1 � s2

0� 2

��
=

exp
�
gj + if j � 2

�
exp

"
1X

k=0

� kj R0
2k(� )

#

; (19)

where the coe�cients gj and f j are de�ned by requiring the best �t
for the constant and the quadratic term in� . If both the values for s0

and f are relatively small (s0 � 0:90, f � 2� ), the series of Zernike
polynomials with coe�cients � kj will be normally limited to a constant
term � 0j close to unity, and, a relatively small higher order term� 2j . If
the values fors0 or f are really large (s0 � 0:90 or f � 2� ) then higher
order coe�cients � kj are needed. The condition on where to truncate
the in�nite sum in Eq. (19) will be discussed in Sec. 2.2. Notethat
the Zernike polynomials in Eq. (19) still occur inside the exponential.
In Sec. 2.2 we deal with this by using the Taylor series expansion of
the complex exponential.
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� To reduce the integral V m
n;j (r; f ) to the analytically known result

V m
n (r; f ), the upper index of the Zernike polynomial and the order of

the Bessel function should be identical. To achieve this goal, we note
that in general the following relationships between Zernike polynomials
can be established

� j j jRjmj
n (� ) =

j j jX

s=0

cnjmjjs Rjmj+ j
n+ jj j� 2s(� ) : (20)

These relations were already derived by Nijboer in his thesis [14] for
jj j = 1; 2 and they are reproduced in Appendix A.

� Having determined the two or three new Zernike polynomials that we
denote by Rjmj+ j

n+ jj j� 2s(� ), we need to evaluate products of these Zernike
polynomials with a general polynomialR0

2k(� ) that appeared in the �rst
step. The product of these terms can be written as

R0
2k(� )Rjmj+ j

n+ jj j� 2s(� ) =
X

t

dnjmjjskt Rjmj+ j
n+ jj j� 2s+2 t(� ) ; (21)

and it can be shown that the number of terms in this summation re-
mains manageable.

When we follow the recipe described above we can writeV m
n;j as a linear

combination of a manageable amount of terms of the formV m+ j
n+ jj j� 2s+2 t(r; f j ) �

exp [gj ]. This means we now have an expression for the electric �eld that no
longer depends on integrals but instead consists of a numberof successive
summations. These summations can easily be implemented into computer
code, opening the way for fast and accurate simulation of theintensities in
the focal area for aberrated high NA optical systems.

11



2.2 Implementation of the ENZ-formalism

In principle, all expressions, needed to calculate the intensity distribution
in the focal area, are presented in the previous section. Thestep that we
will take in this section is to translate the given expressions into a computer
program that is both accurate and fast. Special care will be given to the cut-
o� values occurring in the numerous approximations that areintroduced in
the previous section. An accurate determination of these values, close to their
lowest acceptable value, is critical if you don't want to letthe computational
burden get out of control.

2.2.1 The V m
n -function

First we will discuss theV m
n -function that occurs in the low NA case, but

which is also needed to calculate the E-�eld in the high NA case later on.
The function that has to be implemented is found in Eq. (10). When we
investigate this expression we �nd that it relies on an in�nite sum overl. Like
already mentioned in the previous section, this problem wasalready solved
in Ref. [6]. There it was proven that truncation of the seriesfor l � 3f gives
su�cient accuracy. In our implementation we usedl = 3:5jf j + 1 to be safe.

The implementation of V m
n , written in MatLab code, can be found in

Appendix D. It calculates V m
n for given values ofn, m, f and r . Exact

syntax to be used for this program can be found in the commentsincluded
in the program and an impression on the physical relevance and the shape
of the V m

n -function will be presented in Sec. 2.3.

2.2.2 The V m
n;j -function

As can be seen from the expressions found in section 2.1.2, the high-NA case
is a bit more complicated. A set of consecutive steps is needed to arrive at a
series representation of Eq. (18). For each of the steps described in Section
2.1.2, a MatLab function has been written. In the end these are combined
to form the V m

n;j -function.

The �rst step consists of determining the values forgj , f j and an extra

12



parameterGj in the Zernike representation of thes2
0-terms in Eq. (18)

�
1 � s2

0� 2
� � 1

4

�
1 +

q
1 � s2

0� 2

� �j j j+1

exp
�

if
u0

�
1 �

q
1 � s2

0� 2

��
=

exp
�
gj + if j � 2

�
exp

"
1X

n=0

� nj R0
2n (� )

#

: (22)

For this purpose the MatLab-functionGj:m has been written which can be
found in Appendix D. This function needss0, f and N as input arguments,
whereN represents the upper value forn used in the truncated in�nite sum
in Eq. (22). As output it will generate gj , f j , G1j and G2j for jj j = 1; 2; 3.
Here G1j and G2j represent the �rst and second order approximations of

Gj (� ) = exp

"
1X

n=2

� nj R0
2n (� )

#

: (23)

which can be denoted as

G1j (� ) = 1 +
NX

n=2

� nj R0
2n (� ) ; (24)

and

G2j (� ) = 1 +
NX

n=2

� nj R0
2n (� ) +

1
2

 
NX

n=2

� nj R0
2n (� )

! 2

; (25)

respectively. Gj (� ) is essentially what remains after splitting o� the best
quadratic approximation of the exponential expression on the left hand side
of Eq. (22). ThereforeGj (� ) will be small and only a modest amount of
terms have to be included in the approximation ofGj (� ) (N = 4 is generally
su�cient). Only for very high values of numerical aperture and defocus
parameter (s0 � 0:90 andjf j � 2� ), a second order approximation, as given
in Eq. (25), is needed. In such cases the value forN still remains modest
and in our implementation a value ofN = 6 has proven to be su�cient.
Note that the products of Zernike terms, occuring in the second term on the
right-hand side of Eq. (25), should be written as

P
co�. R0

2n (� ).
Step 2 in the scheme for the calculation of theV m

n;j -function, concerns the
multiplication of a Zernike polynomial with a factor � j j j. The extra constraint
imposed here, is that the resulting upper Zernike-index of all terms of the

13



series representation of this multiplication should be matched with the order
of the Bessel function occurring in Eq. (18). This is necessary in order to
reduce the integralV m

n;j to the analytically known result V m
n . In section 2.1.2

we already produced the expression to do this

� j j jRjmj
n (� ) =

j j jX

s=0

cnjmjjs Rjmj+ j
n+ jj j� 2s(� ) : (26)

It is a simple summation including coe�cients cnjmjjs . A MatLab-function
Cnmjs:m (see Appendix D.) has been written to produce these coe�cients.

Step 3 is to multiply the terms derived in step 1 with those derived in
step 2. Not taking front factors into account, this consistsof writing any
product R0

2kRm
n as a linear combination ofRm

n+2 t . As derived in Appendix A,
this product can be written as

R0
2k(� )Rjmj+ j

n+ jj j� 2s(� ) =
X

t

dnjmjjskt Rjmj+ j
n+ jj j� 2s+2 t(� ) : (27)

A MatLab-function Rverm:m has been written to calculate the coe�cients
dnjmjjskt and the computer code can be found in Appendix D.

Now that we have converted all steps, described in Sec. 2.1.2, into a
MatLab-implementation, the �nal step is to join them to form the function
V m

n;j . To this goal we uni�ed the syntax, used in the three parts, byrepresent-
ing all occurring Zernike polynomials as a vector containing 3 values, namely
its lower index, n, its upper index, m, and its front factor, � nm . Generation
of the function V m

n;j is then reduced to accounting for all terms and joining
terms with identical upper and lower Zernike-index. Finally the analytic so-
lution to the V m

n function, as given in Eq. (10), is applied and this results
in

V m
n;j = exp (gj )

X

n;m

� nm � m exp (if j )
1X

l=1

(� 2if j )
l � 1

pX

h=0

vlh
Jjmj+ l+2 h(2�r )

l(2�r ) l
;

(28)
where the summation overn; m represents the sum over all Zernike terms
generated by the three-step-procedure described in Sec. 2.1.2, the value� nm

is the corresponding front factor and we have� m = � 1 for odd m < 0 and
� m = 1 otherwise. Truncation of the in�nite sum over l can again be safely
done for l � 3f .
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In this section we have discussed an implementation of the expressions
for forward calculation derived in the previous section. Itwas shown how to
calculate the functionsV m

n and V m
n;j using a set of MatLab-function which

are added in Appendix D. In the next section we will now test this set of
MatLab tools to see if they reach the required accuracy necessary to compete
with the other established methods.
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2.3 Testing of the ENZ-formalism

In this section we will conduct a thorough investigation of the accuracy of the
implementation presented in the previous section. For thispurpose the im-
plementations of theV m

n and V m
n;j functions are compared to their numerically

integrated counterparts. In addition, special care will begiven to making the
approximations and cut-o� values, chosen in the previous section, plausible.

2.3.1 The V m
n -function
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Figure 3: Several examples ofV m
n -functions. The upper row givesV m

n for
f = 0 (best focus), the lower row forf = 2� . Note that, for f 6= 0, V m

n is
complex. Therefore, the solid line in the lower part represents the real part
of V m

n .

In Figure 3 the function V m
n is plotted for several values of de Zernike

parametersn and m and for a defocus parameter ofjf j = 0 and jf j = 2 � .
The V m

n -functions have direct physical relevance. The functionV00 represents
the amplitude version of the Airy disc pattern and all otherV m

n -functions
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represent contributions that can be accounted for by the presence of certain
aberrations. In this wayV 1

3 represents the contribution when coma is present
and V 2

2 does the same in case of astigmatism.
To give an impression of the quality of the ENZ approximationwe have

plotted the numerically evaluated integral version ofV m
n (Eq. (9)) and the

Bessel series representation ofV m
n (Eq. (10)), for several upper limits ofl

(L = 5; 10; 20), in Figure 4. The Figure shows a steady convergence of the
Bessel series representation ofV m

n towards the integral based counterpart for
increasing values ofL, justifying L � 3f as a convincing condition for the
truncation value of l in Eq. (10).
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0
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V
0
0 for L = 20

V
0
0 integral representation

Figure 4: The integral representation of theV m
n -function is plotted (solid line)

for n = m = 0 and f = 2� . In addition, three series representations, forL =
5; 10; 20, of theV m

n -function have been included, showing the convergence as
L increases to values� 3f .
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2.3.2 The V m
n;j -functions

In the case of a high-numerical aperture imaging system the function V m
n;j is

of central importance. The integral representation and series representation
of this function are given in Eq. (18) and (28), respectively. In addition to
the V m

n -function treated above, theV m
n;j -function has an extra dependance

on j . An example of theV m
n;j -functions is shown in Figure 5, withn = m = 0

and for both f = 0 and 2� . For j = 0 the function V m
n;j gives the same

result as V m
n (except for the radiometric e�ect), that is the aberration-free

point-spread function (Airy disc). The values ofV m
n;j for j 6= 0 are needed to

include the high numerical aperture vectorial e�ects as canbe deduced from
expressions (16) and (17).
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Figure 5: The functionsV m
n;j (upper row: f = 0, lower row: f = 2� ) for the

aberration-free case (n = m = 0, NA = 0:95). The horizontal coordinater
is expressed in the di�raction unit �

s0
with s0 the numerical aperture of the

system. Again, solid and dotted lines represent the real andimaginairy parts
respectively.

In Sec 2.2.2, where we derived a series representation forV m
n;j , we included

an approximation forGj (� ) (Eq. (23)). There we could choose between a �rst
or second order approximation and decide the upper limitN of the in�nite
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sum occurring there. In Figure 6 we have plotted the analyticexpression
(Eq. (18)) and, for comparison, some options for the approximation.
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V0
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 (Integral based)

Figure 6: The integral representation of theV m
n;j -function is plotted (solid

line) for n = m = j = 0 and f = 2� . In addition 3 approximation, namely:
(second order, N=6), (second order, N=2) and (�rst order, N=2) are in-
cluded, showing the convergence for di�erent choices of theGj (� )-function.
Note that the approximation also depends on theV m

n -function, where we
have takenl = 3:5jf j + 1 in all cases.

After examination of Figure 6 it is clear that the series representation of
the V m

n;j -function rapidly converges to its exact value. Therefore,su�cient ac-
curacy can be achieved with a modest amount of terms in the approximation
of Gj (� ). This was important to keep the computational burden undercon-
trol to maintain one of the prime advantages of ENZ-analysis. ENZ-analysis
is considered to reduce computer calculation times substantially. As a mat-
ter of fact this was already strongly experienced in the simple test that we
just presented. Calculation of the integral-based representations could take
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as much as 10 times longer than the ENZ-based series representation. This
fact alone justi�es the e�ort we and other people are investing in this �eld
of research.

In this Subsection the capabilities of the ENZ-theory concerning forward
calculations were tested. It has been shown that highly-accurate forward
calculations can be performed using a low-to-moderate amount of terms in
the expressions forV m

n and V m
n;j . In the next section we will now present a

number of examples illustrating the power and versatility of forward ENZ-
calculation.
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2.4 Simulation of the electric �eld

In the previous sections we introduced some basic expressions and presented
an implementation scheme for the basic functionsV m

n and V m
n;j . In addition,

by some simple tests, we could convince ourselves that the suggested ap-
proximations were su�ciently accurate. In the current section we will now
present some examples of possible forward calculations performed with the
ENZ-formalism.

In the �rst subsection an examination of the electric �eld ofan aberration-
free optical system is performed. On the basis of this example it will become
clear that, for systems of high NA, it is indispensable to treat the full vectorial
case. In Subsection 2.4.2 and 2.4.3 we treat a system subjectto a single
speci�c aberration. There it will be shown how the ENZ-formalism provides
a solution for simulating an aberrated system for arbitraryazimuth. Finally,
in the last example, we will show the full versatility of the ENZ-formalism
by simulating an optical system, subject to a mix of aberration all at various
angles and for di�erent states of polarization.

2.4.1 The aberration-free case

In Eq. (16) we presented the expression to calculate the electric �eld vector
near focus for a general optical system in which the �eld in the exit pupil can
be described by a Zernike expansion with coe�cients� m

n . When not men-
tioned otherwise we will assume that the light entering the system is purely
x-polarized, justifying the use of Eq. (16) only (note: any general orientation
for light entering the system can be formed by a linear combination of Eqs.
(16) and (17)).

In case of an aberration-free system, the Zernike expansionof the �eld in
the exit-pupil is simply given by one single coe�cient� 0

0. When we calculate
the electric �eld for this case we get the electric �eld components Ex ; Ey and
Ez, as shown in Fig. 7. It is clearly visible that the high-NA e�ects break
the circular symmetry that is typical for low NA systems. In the right part
of Fig. 8 we show the square root ofjE tot j2 = jEx j2 + jEy j2 + jEz j2 which is a
measure for the intensity in a lossless medium. In the left part of that same
�gure the scalar approximation of exactly the same system isgiven, clearly
showing the need to treat the full vectorial case.
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Figure 7: The moduli of the three componentsEx ; Ey ; Ez of the electric
�eld in focus (f = 0) for an aberration-free optical system (NA=0.95, pure
x-polarization).

Figure 8: jE tot j in focus (f = 0) for an aberration-free optical system. The
left part shows the result for a calculation when no high NA e�ects are taken
into account. In the right part, the high NA e�ect (NA=0.95) h as been
accounted for.
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2.4.2 Comatic aberration

In this section we will treat an otherwise perfect optical system containing
�rst order coma along the x-direction. First we have to determine the set
of � -coe�cients that impart comatic aberration to the system. In standard
Nijboer-Zernike theory a comatic aberration in thex-direction would lead to
the following contribution to the aberration function of the �eld in the exit
pupil

� coma(�; � ) = � 31R1
3(� ) cos(m� ) : (29)

In the vector �eld case the equivalent expression is slightly di�erent (see Eq.
(13)). Using this expression to form anx-orientated comatic aberration, the
following should apply (small aberration approximation)

i� 31R1
3(� ) cos(m� ) =

X

n;m

� m
n;x Rjmj

n (� ) exp [im� ] : (30)

This leads to a set of� -coe�cients that obey

� 1
3 =

i�
2

; � � 1
3 =

i�
2

: (31)

In a similar fashion, any-orientated comatic aberration would lead to the
� -coe�cients

� 1
3 =

�
2

; � � 1
3 =

� �
2

: (32)

We now use the� -coe�cients in Eq. (31), with � = 1, along with � 0
0, that

represents the aberration-free part, to calculate the electric �eld components
in focus. The result can be seen in Figure 9.
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Figure 9: The moduli of the electric �eld components in focus(f = 0) for
an optical system (NA = 0:95) in
uenced by x-oriented comatic aberration
(upper row) and E tot for NA ! 0 and NA = 0:95 (lower row).
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2.4.3 Astigmatism at an angle of 30o with the main axes

In the previous section we already encountered sets of� -coe�cients that
would align the aberration in question either along thex or y-axes. In this
section we shall give the relations for the� -coe�cients for aberrations aligned
at an arbitrary angle. This will be done by the example of astigmatism at
an angle of 30o.

The expression for� at an arbitrary angle � reads

� m
n =

i�
2

(cos(m� ) + i sin(m� )) ; � � m
n =

i�
2

(cos(m� ) � i sin(m� )) : (33)

For our example of astigmatism (n = m = 2; � = 1) at an angle of 30o

(� = 1=6� ), this results in

� 2
2 =

p
3 + i
4

; � � 2
2 =

�
p

3 + i
4

: (34)

In the upper row of Fig. 10 we have presented the electric �eldcomponents
in focus for a system being aberrated by astigmatism at an angle of 30o. The
lower row of this same picture givesE tot for f = � �; 0; + � , nicely illustrating
the symmetry breaking introduced by astigmatism, when traveling through
focus along thez-axis.
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Figure 10: The moduli of the electric �eld components in focus (f = 0) for
an optical system (NA = 0:95) in
uenced by astigmatism at an angle of 30o

(upper row) and jE tot j for f = � �; 0; + � (lower row).
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2.4.4 Simulation of the point-spread function for a general system
subject to several aberrations

In addition to the features illustrated by the preceding examples, the ENZ-
formalism can also deal with all sorts of polarization orientations. This will be
illustrated by simulation of an optical system, subject to several aberrations,
for di�erent types of polarization.

We analyze a general state of polarization that is incident on the optical
system by putting

� m
n;x = a� m

n ; � m
n;y = b� m

n ; (35)

with jaj2 + jbj2 = 1 for normalization purposes. The generally complex quan-
tities (a; b) allow us to specify the initial state of polarization. By applying
this relation we assume that spatially varying birefringence is not present in
the system.

Several special cases can arise when we choose special values for (a; b).

� linear polarization in the x- or y-direction, (a; b) = (1 ; 0) and (a; b) =
(0; 1) respectively, and in the diagonal directions, (a; b) = (1 =

p
2; 1=

p
2)

and (a; b) = (1 =
p

2; � 1=
p

2) respectively,

� left- or right-handed circular polarization, a = 1=
p

2, b = i=
p

2 and
a = 1=

p
2, b = � i=

p
2 repectively,

� unpolarized or natural light, a summation in intensity of the above
mentioned orthogonal linear or circular states.

In Fig. 11 we show the point-spread function of an aberrated optical
system for several polarization orientations. The system is subject to coma
in the x-direction, astigmatism at an angle of 30 degrees andis slightly de-
focussed (� 0

2 6= 0).
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Figure 11: The moduli of the total electric �eld for f = � � , 0, +� for an
optical system (NA = 0:95) in
uenced by coma, astigmatism and defocus
(� 0

2 = i , � 1
3 = � � 1

3 = 0:5i , � 2
2 = 1

4(
p

3+ i ) and � � 2
2 = 1

4(�
p

3+ i )). The upper
row displays the case of linear polarization at an angle of 45o, the middle
row the case of left-handed circular polarization and the lower row the case
of natural light.

28



2.5 Conclusions regarding forward calculations

In the preceding examples the full versatility of the ENZ-formalism was
shown. Together with the possible accuracy and reduction inthe compu-
tational burden, the ENZ-formalism is a tempting alternative to established
methods that can simulate the behavior in the focal region ofa general optical
system.

Now that we have convinced ourselves about the capabilitiesof the ENZ-
formalism regarding forward calculations, we can start think about the pos-
sibility of matching our simulations with data obtained from real optical
systems. This will be discussed in the next chapter, where itwill be shown
that we can use the ENZ-theory to construct a method to retrieve system
parameters from intensity data obtained in the focal regionof an optical
system.
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3 Inverse ENZ-calculation from intensity data

In the previous chapter we have introduced the ENZ-theory and we have
shown its elegance and power in calculating the intensity distribution in
the focal region of a general optical system. This made the ENZ-formalism
an inviting alternative to other methods like those based onthe numerical
evaluation of the di�raction integral. Not only did we see excellent accuracy
while reducing the computational burden, ENZ-theory also provides us with
more insight in the physical processes going on, because it generates the
electric �eld stepwise and analytically composed of various contributions with
physical relevance.

In the present chapter we will introduce yet another featureof the ENZ-
theory. Because the ENZ-formalism provides us with a semi-analytic expres-
sion for the intensity distribution in the focal region, we have the opportu-
nity to match this solution to data obtained through experiment. Using the
matching scheme, which we will derive in Sec. 3.1.2, we are able to con-
struct a linear system of equations in which the� -coe�cients are treated as
the unknowns. These� -coe�cients, in the previous Chapter used as input
variables, can thereupon be retrieved by solving the linearsystem. In other
words, ENZ-theory makes it possible to obtain system characteristics of a
general optical system by evaluation of the intensity point-spread function
alone. This feature is of great practical importance in, forexample, quality
control of ever advancing optical systems in lithography and microscopy.

This chapter is organised as follows. First the necessary tools to construct
the inverse calculation scheme are derived and applied in Sec. 3.1. In Sec.
3.2 the ENZ-retrieval scheme is tested by applying it to someof the examples
introduced in the previous chapter. There, we will observe that the retrieval
operation is not exact, necessitating the introduction of aso-called predictor-
corrector iteration procedure in Sec. 3.3, which makes the retrieval results
converge to their exact values. Finally, in Sec. 3.4 we investigate the limits
to which the predictor-corrector iteration scheme is applicable and determine
the e�ect of inaccuracy in system parameters and noise in theintensity data.
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3.1 Construction of the ENZ-retrieval scheme

In the present Section, we will use the preceding results concerning forward
calculation to obtain a semi-analytic expression, for the intensity distrib-
ution through the focal region of a high-NA system, as a function of the
co-ordinates (r; �; f ). Next, following the path outlined in Ref. [10], this
semi-analytic expression will be used to form a linear system of equations
containing � m

n 's as the unknown coe�cients. Inverse ENZ-calculation, or
retrieval of � -coe�cients, then simply reduces to solving this linear system.

3.1.1 Systematic expression for hwei

For the light intensity in the focal region of an optical system, we consider
the time averaged value of the electric �eld densityhwei . This gives, for a
harmonic �eld in a homogeneous medium with a dielectric constant � = n2

r ,

hwei =
� 0

2
n2

r jEj2 : (36)

The electric �eld components in the presence of aberrationsin a high-NA sys-
tem (Eqs. (16)-(17)) are used to compute the scalar product
jEj2 = E � � E.

A straightforward elaboration ofhwei leads to a rather lengthy expression
involving a quadruple sum over the indicesm, n, m0 and n0 that occur when
inserting Eq. (16)-(17) into Eq. (36). In appendix B an expression is formed
for hwei according to the systematic notation introduced in Ref. [12]. Here
we will keep referring to this expression ashwei (Eq.(B6)).

3.1.2 Outline of the basic retrieval scheme

In this Section we will construct a retrieval schema that gives us estimates
of the � -coe�cients occurring in the expression forhwei (Eq. (B6)). In prin-
ciple, there are many ways of matchinghwei to intensity patterns obtained
through experiment, but here we choose to use the same methodas proposed
in Ref. [10] and [11].

The method introduced in Ref. [10], uses the fact that an aberration-free
point-spread function is close to being azimuthally symmetric and that any
aberration present in the system introduces a disturbance with a certain az-
imuthal periodicity. It was shown in Ref. [10] that this phenomenon made
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it advantageous (computational advantages) to match harmonic decomposi-
tions of the data instead of a point-by-point matching operation. We will
now present the method as proposed in Ref. [10] in more detail.

First the azimuthal periodicities in the measured intensity patterns are
detected according to

	 m (r; f ) =
1

2�

Z + �

� �
I (r; �; f ) exp(im� )d� ; (37)

whereI (r; �; f ) is the measured intensity function in the focal volume. Ulti-
mately we want to match this harmonic decomposition of the data, 	 m (r; f ),
to the harmonic decomposition of the analytically known intensity distribu-
tion, hwei ,

	 m
an (r; f ) =

1
2�

Z + �

� �
hwe(r; �; f )i exp(im� )d� : (38)

The resulting expression for 	man is again formed in Appendix B. Now, having
available both the harmonic azimuthal dependence of orderm for the mea-
surement data (	 m (r; f )) as well as for the analytical functions (	 m

an (r; f )),
the equation to be solved for each azimuthal orderm reads

	 m
an (r; f ) � 	 m (r; f ) : (39)

Here, the right-hand side function has been obtained via measurement values
in a large number of lateral and axial positions in the focal volume. The left-
hand side contains the unknown� -coe�cients that have to be calculated
and the � -sign expresses that the linearized version (See Appendix C) of the
analytical intensity distribution will be used .

There are various ways of solving the approximate equality as given in
Eq. (39). Here we will use the same method as described in Ref.[10]. This
method involves taking inner products of Eq. (39) with the functions

	 �
� ;k;l (r; f ) = (+ i )� V 0�

0;k(r; f )V �
�;l (r; f ) ; (40)

that explicitly appear in the left-hand side of Eq. (39). Because these func-
tions, 	 �

� ;k;l (r; f ), are close to being orthogonal, this operation will resultin
an approximate linear system in the� -coe�cients, that will, upon solving,
give an estimate of these� -coe�cients. The inner product of our choice for
functions 	( r; f ) and �( r; f ) is de�ned as

(	 ; �) =
Z R

0

Z + F

� F
	( r; f )� � (r; f )rdrdf : (41)
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The integration limits R and � F formally should be in�nitely large but, in
practice, they are determined by the lateral and axial extent of the measured
data set.

We now have a complete set of tools available to do retrieval of � -
coe�cients for high-NA optical systems from intensity point-spread data.
We like to indicate here that the described formalism coalesces 
uently with
the low-NA case, described in Ref. [10], fors0 ! 0. Practical issues con-
cerning the implementation and use of the scheme described above will be
discussed in subsequent chapters.

3.1.3 Implementation of the ENZ-retrieval scheme

The retrieval approach constructed above is correct, but can also be rather
slow when implemented straightforwardly. This is largely due to the fact
that we have to calculate a large number of inner products, for the terms
occurring in 	 m

an , in order to construct the linear system. In our implemen-
tation we could tackle this issue by observing that we need tocalculate the
same inner products numerous times. This made it favorable to calculate all
possible inner products occurring for a certain optical system in advance and
store them in a matrix. During the actual retrieval process we now simply
copy the values for the inner products from our saved matrix,speeding up
the retrieval process immensely. Details concerning our implementation are
found in Appendix D, where we provide the MatLab m-�les used.

3.2 Testing the ENZ-retrieval scheme

In this Section we will present the results of the �rst retrieval operations
performed with the ENZ-formalism described above. As a start we will do
retrieval on the intensity distributions calculated as examples in Chapter one.
We will observe that the retrieval is not exact and we will investigate this
fact further.

3.2.1 ENZ-retrieval on simulated data

We perform retrieval on several of the examples presented inChapter 2. In
Table 1 the results of the retrieval operation on the intensity distribution of
an aberration-free system is summarized. As illustrated inthis table, the
retrieval procedure applied to an aberration-free system is exact.
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Input Retrieved
� 0

0 1:0000 1:0000
� 1

1 0:0000 0:0000
� � 1

1 0:0000 0:0000
...

...
...

� mmax
nmax

0:0000 0:0000

Table 1: Input and retrieved
� -coe�cients for an abberation
free system (NA = 0:95, x-
polarization).

Input Retrieved
� 0

0 1:0000 1:0180
� 0

2 0:0000 0:1737
� � 2

2 0:0000 0:1143
� 2

2 0:0000 0:1128
� � 1

3 0:5000i 0:4911i
� 1

3 0:5000i 0:4911i

Table 2: Input and retrieved � -
coe�cients for an optical system
(NA = 0:95, x-polarization), sub-
ject to coma in the x-direction.

Input Retrieved
� 0

0 1:0000 1:0258
� 0

2 0:0000 0:0905� 0:0001i
� � 2

2 � 0:4330 + 0:2500i � 0:2601 + 0:1952i
� 2

2 0:4330 + 0:2500i 0:5832 + 0:2909i

Table 3: Same legend as for Table 2 but now with
astigmatism at an angle of 30o with the x-axis.

However, for aberrated systems, the retrieval is not exact.This is illus-
trated in Table 2 and 3, where the retrieval results for the systems subject
to coma and astigmatism (examples used in Chapter 2) are presented, re-
spectively. Especially the retrieved� -coe�cients, for the case of astigmatism
(Table 3), contain large errors (up to 20% of the largest input- � ). In Fig. 12
an impression is given of what these errors in the� -coe�cients result to, in
terms of the electric �eld.
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Figure 12: Top: A contour plot of the input modulus of the total electric
�eld (solid lines), subject to coma along thex-axis, versus the modulus of the
generated �eld (dashed lines) according to the retrieved� -coe�cients found
in Table 2. Bottom: Same comparison for astigmatism at an angle of 30o

with the main axis (Table 3). 36



3.2.2 Quanti�cation of the retrieval error

The observed errors in the retrieved� -coe�cients are a direct consequence
of the linearization introduced forhwei . As 	 m

an has been derived from the
linearized version ofhwei , we should write

	 m = 	 m
an + 	 m

error : (42)

Now we would like to have an indication on the magnitude of 	merror . For
this purpose we ran several simulations. We started by simulating an oth-
erwise aberration-free system perturbed by a single� 2

2-coe�cient. Next, we
performed retrieval on the simulated intensity data, thus �nding an estimate
� 2

2

0

. Subsequently, we plot the di�erence between� 2
2 and � 2

2

0

, for several
input-values of � 2

2. The result can be found in Fig. 13.

10
-6

10
-4

10
-2

10
0

10
-14

10
-12

10
-10

10
-8

10
-6

10
-4

10
-2

10
0

Simulated b
2
2 value

M
ax

im
um

 E
rr

or

Figure 13: A plot of the maximum observed error in the estimate, � 2
2

0

, for
di�erent values of the input parameter � 2

2.

In Fig. 13 we can observe that the error in the estimated� -coe�cient,
� � 2

2

0

, is proportional to (� 2
2)2. It appears that there holds more generally

max
�

j� m
n � � m

n
0
j
�

/ (max (j� m
n j))2 : (43)
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The relation found above is hardly a surprise, as it are exactly those terms
dependent on (� m

n � m0�
n0 ), for (m; n; m0; n0) 6= 0, that we omit when we change

to the linearized version ofhwei .
The above examples show that ENZ-retrieval for aberrated systems is not

exact. The maximum error in the retrieved� -coe�cients is proportional to
the square of the largest input-� . For optical systems subject to relatively
small aberration (maximum j� m

n j � 0:01) this is not a problem, but for
systems with moderate to large aberrations, the error in theretrieved � -
coe�cients becomes unacceptable. Fortunately, the ENZ-formalism allows
formulation of an iterative process letting the retrieved� -coe�cients converge
to their exact values. This so-called predictor-correctormechanism will be
discussed in the next section.

3.3 Improving retrieval quality

In the previous Section we observed that, when larger aberrations are present,
the quality of the retrieval method becomes unacceptable. This was also
observed during the treatment of the retrieval scheme for systems of low-
NA in Ref. [11]. There, a mechanism was formed to correct for the error
introduced by the linearization of the analytic representation of the intensity.
In this Section we construct an equivalent mechanism suitable for the high-
NA case.

3.3.1 The predictor-corrector mechanism

In order to pursue better accuracy for the ENZ-retrieval process when larger
aberrations are present, we present a so-called predictor-corrector procedure.
In this procedure, we determine estimates for the error included in the re-
trieval proces and correct for them in an iterative process.A general justi-
�cation for the predictor-corrector procedure as used throughout this report
is given in Appendix C. Note that in Appendix C we deal with intensities,
although throughout the remainder of this report we will apply the same
principles to the azimuthal dependencies in the intensity.This is allowed
because the operation in Eq. (37) is linear.

As stated above, we apply the predictor-corrector principles to 	 m rather
than to the intensity. This is because of computational advantages and in-
creased stability. Correction of 	m , according to the principles presented in
Appendix C, leads to a mechanism that can be summarized as follows.
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The predictor-corrector mechanism relies on the determination of an ac-
curate estimate for 	 m

error , which we shall denote as 	merror
0
. Having available

this estimate, 	 m
error

0
, we can write Eq.(42) as

	 m � 	 m
error

0
= 	 m

an +
�

	 m
error � 	 m

error
0
�

: (44)

From this relation we �nd that if we subtract an accurate estimate, 	 m
error

0
,

from the azimuthal periodicity of the input-data, 	 m , we improve the quality
of the linear system posed by equation Eq.(39). Applying theprinciples in-
troduced in Appendix C we can construct the following schemeto determine
	 m

error
0
:

1. First basic retrieval is performed on the intensity data,I Initial , acquiring
a �rst estimate for the unknown � -coe�cients describing the system,
which we denote as� Initial .

I Initial ! � Initial (45)

2. Next, we use the estimates� In to simulate an intensity distribution
through focus,I Simulated .

� In ! I Sim (46)

3. In order to obtain an estimate for 	 m
error

0
, we perform retrieval onI Sim ,

acquiring � Sim . This � Sim is used to simulate I Cor .

I Sim ! � Sim ! I Cor (47)

4. Next, we de�ne the estimate, 	 m
error

0
, as

	 m
error

0
= 	 m

Sim � 	 m
Cor ; (48)

where 	 m
Sim and 	 m

Cor are the azimuthal dependencies, obtained through
Eq.(37), of I Sim and I Cor , respectively. (Note that Eq.(48) is the equiv-
alent of Eq. (C6))

5. Finally, we apply 	 m
error

0
to Eq.(42) to get

	 m � 	 m
error

0
� 	 m

an : (49)

This expression, which substitutes for Eq. (39), will subsequently be
used to construct a linear system of better quality, which will return
better estimates for the� -coe�cients.
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The procedure described above improves the quality of the retrieved � -
coe�cients for a general optical system. It is also well suited to be applied in
an iterative manner. The� -coe�cients obtained in Step 5 above, can be used
again to serve as the input values,� In , in Step 2 of the procedure. When
doing this repeatedly we have arrived at the so-called predictor-corrector
mechanism for high-NA in ENZ-theory.

By applying the predictor-corrector procedure, we can retrieve the exact
values for the� -coe�cients describing an optical system subject to aberra-
tions. Accordingly, the predictor-corrector procedure applied to the systems
subject to coma and astigmatism, as presented in Section 3.2.1, yield the
exact values of the input� -coe�cients. This is illustrated in Fig. 14, where
we have plotted the error in the estimates of the� -coe�cients versus the
number of iterative steps. We observe that for both cases theerror in the
retrieved � -coe�cients eventually gets below 10� 10. However, we do have to
note here that there is a limitation on the absolute size of the � -coe�cients
(or aberrations) in order for the predictor-corrector method to be applica-
ble. We encountered this limit, for example, when the predictor-corrector
procedure failed for the intensity distribution introduced in Sec. 2.4.4. This
constraint on the size of� -coe�cients will be further treated in Section 3.4.
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Figure 14: A plot of the errors, present in the estimates for� , versus the
number of iterative steps taken in the predictor-correctorprocedure. The
left part corresponds to the coma example and the right to theastigmatism
example as treated in Section 3.2.1.
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3.4 Testing the predictor-corrector procedure

In the previous section a predictor-corrector procedure was presented that
would make retrieved� -coe�cients converge to their exact values. As already
mentioned before, the predictor-corrector procedure is not always applicable.
When � -coe�cients become too large, the predictor-corrector procedure fails.
In this section we will investigate to what extent or range of� -coe�cients
the procedure is applicable.

3.4.1 Limitations on the size of a single � -coe�cient

In this Subsection we will summarize the results of some numerical experi-
ments performed to determine the maximum size of� -coe�cients, for which
the predictor-corrector procedure remains applicable. Wesimulated an op-
tical system having an NA of 0:95 and we assumed� 0

0 to be equal to 1. We
then �nd that, simulated systems satisfying the following constraint

�
j� � m

n j + j� m
n j

�
� 1 (n; m 6= 0)

j� 0
n j � 1 (n; m = 0) : (50)

can be solved and the� -coe�cients are retrieved exactly. We observed that
the above posed limitations on the size of the� -coe�cients are not very strict.
During the numerical experiments, it turned out that the above de�ned limits
could be stretched signi�cantly when smarter schemes of correction, in the
predictor-corrector procedure, were applied. However, weshall not go into
this any further at this moment, as our main systems of interest, those in
advanced microscopy and lithography, will be systems that can be described
well within the imposed limitation on the � -coe�cient, according to Eq.(50).

3.5 Complications regarding real systems

Until now, all retrieval has been performed on synthetic data. This is not
only because of the fact that no real high-NA data is available yet, but also
because retrieving real data can bring extra complications. In this section
some of those complications will be treated and we will investigate their
in
uence on the retrieval quality.
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3.5.1 Uncertainty in the value of the NA of the system

In order that retrieval on an optical system makes sense, oneshould have ac-
curate information about the system. For example, inaccuracy in the value
of the NA of the optical system under consideration can introduce large er-
rors. As an extreme example, we will �rst perform retrieval on the intensity
distribution belonging to the right part of Fig. 8. During th is process we
assume the NA of this system to be zero instead of 0:95. Essentially this
means we try to retrieve a high-NA system with the scalar ENZ-formalism.
This results in a set of� -estimates as displayed in Table 4. From this we con-
clude that retrieval of a system assuming wrong characteristics of the system
can lead to� -coe�cients containing large errors and at the same time shows
the necessity to treat the full vectorial case in order to do meaningfull re-
trieval. Note that the retrieved � -values for this example (Table 4) construct
a system that is not even physically realizable.

In order to illustrate a more realistic situation, we simulated an optical
system (NA= 0:95) subject to some aberrations, which are de�ned in Table
5. Next retrieval is performed on the intensity distribution resulting from
this operation, assuming di�erent values for the NA. As can be seen from
the results presented in Fig. 15, there exists a rather strong dependence of
the retrieved � -coe�cients on the assumed value of the NA of the system,
indicating the need to determine the NA with great accuracy (typically better
then 0:01).

Input value Retrieved
� 0

0 1:0000 0:9987
� 0

2 0 1:3894
� � 2

2 0 0:5662
� 2

2 0 0:5632

Table 4: Comparison between
the actual input and retrieved � -
coe�cients, in case of retrieving an
aberration-free system (NA= 0:95,
x-polarization) using the scalar
ENZ-formalism (NA! 0).

Input value
� 0

0 1:0000
� 0

2 0:0200i
� � 1

3 0:0500i
� 1

3 0:0500i
� � 2

2 0:0100i
� 2

2 0:0100i

Table 5: Set of � -coe�cients de-
scribing the �eld in the exit pupil
of the optical system (NA = 0:95)
under consideration.
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Figure 15: The error in the estimates for the� -coe�cients versus the NA
assumed during retrieval. The aberrations present in the system (NA= 0:95,
y-polarization) under consideration are de�ned in Table. 5.

3.5.2 Inaccurate knowledge about the state of polarization

Another complication related to experimental data could bethe fact that the
exact state of polarization of the light incident on the system is unknown.
By assuming a certain state of polarization we introduce an additional error.
We have plotted a measure for this error versus the square of the error in the
parametera, which de�nes the polarization according to Eq.(35), in Fig. 16.
The used measure for the error in the� -coe�cients, the square root of the
total error power, is de�ned as

Q =
s X

n;m

(� m
n � � m0

n )2 : (51)

In Fig. 16 we observe a serious issue regarding the present uncertainty in the
polarization state for experimental data. There is a very steep dependence of
the error in the � -coe�cients, Q, on the error in the a-parameter, � a. This
implies that we should determine the polarization state of the system under
consideration with great accuracy in order to keep the errors in the retrieved
� -coe�cients acceptable.
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Figure 16: A measure for the total error, present in the estimates for � ,
versus the square of the error in the parametera. The system (NA= 0:95)
under consideration is de�ned in Table. 5.
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Figure 17: The error in the separate� -coe�cients, versus the number of
iteration steps. The system (NA= 0:95, x-polarization) under consideration
is de�ned in Table. 5 and is subject to noise of the order 5� 10� 4.
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3.5.3 Inaccurate positioning of the through-focus planes

When acquiring data from the focal region of an optical system, it can be very
hard to determine the best-focus position. Not only can one choose the wrong
x- or y-positions, also in the direction along the optical axis an error in the
position can be made. The quality of the ENZ-retrieval depends on the def-
inition of the through-focus planes. Making errors in this positioning means
the quality of the retrieval will degrade. Fortunately, ENZ-theory foresees in
a rather simple way to correct for this. We can distinguish the � -coe�cients
having (m = 0; n = 2) and ( jmj = 1; n = 1), to be exactly those coe�cients
describing the erroneous positioning of the through focus planes. Now we
should determine the parameters for the through-focus planes for which the
mentioned � -coe�cients are minimal. The best x- and y-positioning can be
obtained from a single through-focus plane, close to best focus, by simply
picking the highest intensity value for the origin. Determination of the defo-
cus parameter,f , can be done by adjustingf and retrieve, until � 0

2 is nearly
zero.

3.5.4 Noise present in the system

When working with experimental data it is inevitable to havenoise included
in the data. To investigate the e�ect of noise present in the system, we again
simulate a system and add some simulated additive white gaussian noise to
it. This simulated noise has average value zero, variance one and standard
deviation one. We now add noise to our intensity distribution according to

I total (r; �; f ) = I initial (r; �; f ) + Nrand � Snoise : (52)

Here Nrand is a collection of random numbers, one for every data-point
(r; �; f ), satisfying the characteristics of white gaussian noise and Snoise de-
termines the magnitude of the noise one wants to introduce inthe system.
In Fig. 17 we applied the predictor-corrector procedure to asystem sub-
ject to aberrations as de�ned in Table 5. To test for the in
uence of noise
present in the data we added noise to the system according to Eq. (52) with
Snoise = 0:0005. The �gure shows convergence of the� -coe�cients to their
exact values up to the magnitude ofSnoise . In other words the accuracy of
the predictor-corrector procedure is limited to the magnitude of the noise
present in the data.
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3.6 ENZ-retrieval in action

Unfortunately, at the time this report was written, no high-NA experimental
data were available. This made it impossible to put ENZ-retrieval through
the ultimate test, retrieval on a real high-NA system. In this section we
present a �nal example in which we try to simulate the processof handling
real experimental data.

First we generate a through-focus intensity distribution,corresponding
to an exit pupil �eld imposed by the � -coe�cients in Table 6 (Fig. 18 upper
row). To this we add simulated noise with a SNR of 10 (Fig.18 second row).
Next we apply the retrieval procedure to the resulting intensity distribution
while assuming that the NA and polarization state of the system are known
with great accuracy, so we will not have to bother about the complications
found in Subsections 3.5.1 and 3.5.2. The� -estimates found in this procedure
serve to construct the intensity distribution found in the third row of Fig. 18.
Finally we apply the predictor-corrector procedure. Results of this operation
can be found in the lower row of Fig 18.

Input value
� 0

0 1:0000
� � 1

1 0:5000i
� 1

1 0:5000i
� � 1

3 0:5000
� 1

3 � 0:5000
� � 2

2 0:5000i
� 2

2 0:5000i
� � 3

3 � 0:5000
� 3

3 0:5000

Table 6: Set of� -coe�cients describing the �eld in the exit
pupil of the optical system (NA = 0:95) treated in Section
3.6.
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Figure 18: The through-focus intensity distribution for the system (NA
= 0:95, x-polarization) de�ned in Table. 6. The upper row is the actual
distribution, the second row is what results after adding noise with a SNR of
10, the third row is the distribution de�ned by the �rst � -estimates and the
last row is the distribution resulting after the predictor-corrector precedure.
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3.7 Conclusions regarding ENZ-retrieval from inten-
sity data

In this Chapter we introduced and discussed the retrieval capabilities of the
ENZ-formalism. We showed how the semi-analytic expressions for the �eld
in the focal region could serve to construct a calculation scheme, which pro-
duced estimates for the� -coe�cients describing the optical system under
consideration. Nevertheless, it became clear that this retrieval operation, for
aberrated systems, is not exact and therefore some sort of correction was de-
sired. To this purpose we introduced a so-called predictor-corrector method.
This is an iterative procedure which makes the retrieved� -coe�cients con-
verge to their exact values.

Subsequently, having this full set of tools available, we analyzed the ENZ-
retrieval process. This resulted in a condition for the maximum allowed size of
� -coe�cients that should be respected in order to guarantee the applicability
of the predictor-corrector method. Next we treated some of the additional
complications that can be introduced when dealing with experimental data.
We saw how numerous e�ects, such as uncertainty in the NA, polarization,
position of through-focus planes and the inevitable presence of noise, could
degrade the quality of the retrieval process.

Nevertheless, none of the discussed complications seem to be insurmount-
able. This was illustrated in a �nal example where, in spite of the fairly poor
quality of the through-focus intensity data containing noise (second row Fig.
18), the match of the intensity distribution, retrieved with the predictor-
corrector method, is strikingly good.
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4 Conclusions and discussion

This thesis deals with the ENZ-formalism suited for opticalsystems of high
numerical aperture. It is shown that it is necessary to treatthe full vec-
torial electromagnetic �eld description of light entering such a system in
order to calculate its intensity impulse response accurately. In Chapter 2
it became evident that calculation of such intensity distributions using the
ENZ-formalism includes several advantages compared to established methods
depending on purely numerical evaluation of the di�ractionintegrals. Not
only did the ENZ-formalism considerably reduce the computational burden,
while acquiring equivalent or better accuracy as established methods, its
semi-analytic nature also opened the way for doing inverse calculation.

In Chapter 3 we constructed a scheme to do inverse calculations, or aber-
ration retrieval, on an optical system, solely by evaluation of intensity point-
spread data. We observed that, in general, our linearized retrieval is not exact
and a correction for this is desired. To this end we constructed a so-called
corrector-predictor procedure, which improved retrievalquality drastically,
making retrieved� -coe�cients converge to their exact values. Next we could
formulate a condition, to be imposed on the size of the� -coe�cients de-
scribing the system, which guarantees applicability of thecorrector-predictor
procedure.

In the last part of Chapter 3, we used the full set of ENZ-tools, to de-
termine the consequences of certain inevitable inaccuracies introduced when
applying ENZ-retrieval to experimental data. Here we foundthat especially
the numerical aperture and state of polarization of the system under consid-
erations should be known with great accuracy as small variations in these
parameters lead to fairly large errors in the retrieved� -coe�cients. Also the
e�ect of a poor de�nition of the through-focus planes is discussed and it is
demonstrated how to correct the data for this. Finally the inevitable presence
of noise in data is assessed. We found that the retrieval errors introduced by
noise are always much smaller than the magnitude of the noise.

This thesis has shown many advantages of the ENZ-formalism but still it
has not been applied extensively in the world of optics yet. We think this is
largely due to the fact that the rather complicated math involved scare po-
tential users. We think this is undeserved, as the math behind the formalism
might be complicated, the resulting terms to calculate are not. Nevertheless,
we do recognize the need for continued research (also aimed at developing
accessible computation schemes) in the subject. Primary interest is of course
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in the retrieval of a high numerical aperture optical systemfrom experimen-
tal data. Because of the high-NA, these data can only be obtained through a
resist-based experiment. This in turn implies we have to incorporate di�usion
e�ects in the ENZ-formalism. Also the range of (n; m) for which retrieval is
performed remained limited until now and should be extendedto correctly
handle experimental data. As mentioned before, vast improvements can also
still be expected in the corrector-predictor mechanism, extending the range
of � -coe�cients for which the procedure is applicable.

Summarizing we could say that ENZ-theory is an exciting �eldin optics,
subject to rapid developments in recent years and we expect it to become
well known and widely used in various �elds of optics in the coming period.
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A Reduction of the integrals to basic form

In this appendix, we reproduce the derivation that is neededto transform
the integral V m

n;j (r; f ) into a series of integralsV m
n (r; f ), see Ref. [5].

We shall �rst show that

q
1 � s2

0� 2 = �
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2
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For the treatment of the �rst two expressions we refer to Appendix B in Ref.
[5]. The third expression, (A3), thanks to Janssen, can be derived as follows
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where the coe�cients cn are determined by the integral
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To tackle the integral in the right part of Eq. (A9) we start from the result,
valid for � > � 2,

Z 1

0
� � Rm

m+2 p(� )�d� = ( � 1)p (m � � )(m � � + 2) � : : : � (m � � + 2p � 2)
(m + � + 2)( m + � + 4) � : : : � (m + � + 2p + 2)

=
1
2

(� 1)p ( 1
2m � 1

2 � )p

( 1
2m + 1

2 � + 1) p+1
; (A10)

where we have used Pochhammer's symbol, see Ref.[15], Eq.(6.1.21) on p.
256,

(a)0 = 1 ; ( a)n = a(a + 1) � : : : � (a + n � 1) ; n = 1; 2; : : : : (A11)

This result is readily proven as follows. It is well-known, see Ref.[9], App.
VII, Sec. 2, that

Rm
m+2 p(� ) = � m P (0;m)

p (2� 2 � 1) ; (A12)

where P (�;� )
k is the Jacobi polynomial in the notation of Ref.[16], Chap. 4.

Substituting z = 2� 2 � 1 in the integral in Eq.(A10) and noting Rodrigues'
formula
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we obtain Eq.(A10) by p partial integrations and some administration.
Using the result in Eq. (A10) we can writecn as
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which can be further simpli�ed for n = 1; 2; :: to read
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The case forn = 0 has to be treated separately. We can write:
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Now by combining this result with Eq. (A15) we have found all terms used
in expression (A3).

A.1 Step I

Using the results obtained above it can be shown that the logarithm of Eq.
(19) can be written as
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where the various coe�cients are given by
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We now obtain for the original expression
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A.2 Step II

In order to reduce the expressions for the �eld components toa form that is
analytically tractable, we need to be able to adapt the upperindex m � 0
of Zernike polynomials according to the recursion formulaegiven by Nijboer
[14]. The starting points are the formulae
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where, as usual,p = ( n � m)=2 and q = ( n + m)=2, that permit us to raise
or to lower the upper index by one unit. A straightforward calculation yields
the expressions to induce a change of� 2 in the upper index,
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The coe�cients cnjmjjs in Eq. 26 are easily extracted from the formulae above.

A.3 Step III

We �nally need to write any product R0
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Here Pk is the kth Legendre polynomial and [x] is the largest integer� x.
Using Eq.(A31) and then Eq.(A30) repeatedly, we can write any product
R0

2k(� )Rm
n (� ) as a linear combination of at most 2k + 1 terms Rm
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B Expressions for hwei and 	 m
an

In this Appendix analytic expressions forhwei and 	 m
an are formulated. For

this purpose we adopt the systematic writing as introduced in Ref. [12].
In Ref. [12] it was shown that
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� 0

2
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r jEj2 ; (B1)

when omitting the constant front-factors inE, can be written as
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where � x and � y in the arguments of Gkl -functions represent the sets of
Zernike coe�cients to be used forx- or y-polarized light (to be denoted by
� m

n;x and � m
n;y , respectively) andGkl (�� ) itself is given by
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Next the assumption is made that the lens defects (amplitudeand phase)
are su�ciently small and that the Strehl-intensity I S of the imaging system
is relatively high. This allows us to write

Gkl (�; � ) = exp [ i (k � l)� ]
� maxX
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(B4)

where � �� equals unity for � = � = 0 and zero for any other combination of
(�; � )-values.

Using the linearized expression forGkl (�; � ), we subsequently analyze a
general state of polarization that is incident on the optical system by putting

� m
n;x = a� m

n ; � m
n;y = b� m

n ; (B5)

with jaj2 + jbj2 = 1 for normalization purposes. This allows us to specify the
initial state of polarization by specifying the generally complex quantities
(a; b). Incorporating this into Eq.(B2), we can write
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To solve the basic 'retrieval' problem as presented in Sec.(3.1.2), we need
analytic expressions for the azimuthal harmonic components that are present
in the linearized intensity distribution through the focal volume of an aber-
rated imaging system. Here we will give the expressions for the harmonic
components pertaining to the real and imaginary parts of thegeneral func-
tions Gk;l (�; � ) that are found in the analytic expression forhwei (Eq. (B6)).
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Having available the harmonic components ofGk;l (�; � ), an analytic expres-
sion for 	 m

an is readily constructed upon substituting these terms in Eq.(B6).
The function 	 m

an is de�ned as

	 m
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where we observe thathwei (Eq. B6) is linear dependent upon the real and
imaginary parts of the general functionsGk;l (�; � ). If we can �nd an analytic
expression for the harmonic components of the real and imaginary part of the
general functionsGk;l (�; � ), the expression for 	m

an will follow accordingly.
After some manipulation one obtains for the harmonic components gm
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where the function 	 has been de�ned in Eq.(40). Next, the results from
(B8) and (B9) are used to process the right-hand-side of Eq. (B7). Finally,
upon taking together terms of identical� -coe�cients, we obtain
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Note that the constant front-factor in (B6) has been discarded. This
result will be used in Sec. 3.1.2 as the left-hand-side to Eq.(39).
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C Justi�cation of the corrector-predictor
procedure

In this Appendix we will justify the corrector-predictor procedure used in
this report. We stress here, that various other schemes can be constructed
that will lead to a comparable result. Our choice for the scheme below is
based on several computational advantages it contains.

We formally write the initial intensity distribution, I Initial , on which we
have to perform retrieval, as

I In =
�
� 0

0

� 2
� 0;0

0;0 + 2
X

n;m

0

� 0
0 � m�

n � m;0
n;0 +

X

n;m

0 X

n0;m0

0

� m�
n � m0�

n0 � m;m 0

n;n 0 ; (C1)

where � m;m 0

n;n 0 is an elaborate term depending on productsV m
n;j V

m0�
n0;j 0 and the 0

on the sums indicates thatn = m = 0 and n0 = m0 = 0 should be excluded.
In the retrieval scheme we match this distribution with the linearized version
of C1
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From Eqs. C1 and C2 we �nd that retrieval will be exact for
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This leaves us to accurately determine

I Error =
X

n;m

0 X

n0;m0

0

� m�
n � m0�

n0 � m;m 0

n;n 0 ; (C4)

which from now on we shall denote asI Error .
In principle the full expression forI Error is known and can be calculated

in a straightforward manner. However,I Error depends on a large amount
of products betweenV m

n;j -functions and their calculation would increase the
computational burden disproportionately. We therefore choose to determine
estimates for I Error , which we shall denote asI Error

0
, following a di�erent

path.
This procedure to determine accurate values forI Error

0
, consists of simu-

lating an intensity distribution from the � -coe�cients retrieved in C2, which
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leads to:
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We now take the third term on the right-hand side of Eq. C5 as our estimate,
I Error

0
. It is given by
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(C6)
where� m

n;Sim represents a set of� -coe�cients obtained through basic retrieval
on I Sim .

The main bene�t of this approach is that we can calculateI Error
0

exclu-
sively using data readily available from the basic retrieval operation. The
�nal step consists of correctingI Initial using I Error

0
(the estimate for I Error )

and repeating the basic retrieval on this modi�ed intensitydistribution. Rep-
etition of this process, until the desired accuracy is reached, �nally results
in
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