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Abstract

In recent years the so-called Extended Nijboer-Zernike thery of
di raction has been introduced. Not only could this theory calculate
the intensity distribution in focus with great accuracy whi le reducing
the computational burden, it also opened the way for aberraton re-
trieval based upon intensity data obtained from the focal region alone.
In this report we will treat the high-numerical-aperture ve rsion of the
Extended Nijboer-Zernike formalism for both forward calculations and
aberration retrieval. An implementation in MatLab-code is presented
and tested during various numerical simulations. It is show that,
for relatively small aberrations, the basic retrieval schene is highly
accurate. For larger aberrations retrieval accuracy is no énger suf-
cient and a so-called predictor-corrector iteration procedure has to
be applied. Using this procedure and assuming ideal circuntances it
was found that Extended Nijboer-Zernike retrieval results converge to
their exact values even for systems containing aberrationgpproach-
ing two times the di raction limit. Subsequently, the imple mentation
is applied to look ahead for possible complications introdeed when
dealing with experimental data. We found that, for aberration re-
trieval to be accurate, especially the numerical aperture ad the state
of polarization of the incident light, for the optical system under con-
sideration, should be known with great accuracy.
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1 Introduction

The following report has been written to conclude my Mastergraduation

project at the Optics Research Group of the Department of Inging Sci-
ence and Technology at the faculty of Applied Sciences, Deliniversity of

Technology. The subject of my project was the application dhe Extended

Nijboer-Zernike theory for optical systems of high numerat aperture to both

forward calculation and aberration retrieval. This reportsummarizes my ac-
tivities and results obtained during research on this subg between Feb.
and Dec. 2005.

Extended Nijboer-Zernike theory, or ENZ-theory in short-land notation,
is a formalism capable of calculating the exact eld distrilaition in the focal
region of an optical system. The study of such distributions of great prac-
tical importance. High-aperture focussed elds are encotered in numerous
applications such as advanced high-resolution microscopynd cutting-edge
optical lithography. Also the next generation in optical déa storage, the Blu
Ray Disc System, operates at a numerical aperture (NA) as lge as 0.85
at which vectorial eld e ects can not be neglected. All thes applications
require a detailed description of the eld distribution in ader to accurately
predict the interactions occurring in the focal region.

Ever since the work of Ignatowsky(1919), Richards and WolQ59), a
set of equations is available that, in principle, makes it pgsible to calculate
the electromagnetic eld vectors in the focalregion if a description of the
eld in the exit pupil is available. The problem is that these equations for
the electromagnetic eld components rely on a set of integis for which
an analytical solution is not available in the general caseOf course, the
equations can be solved using brute force numerical calciden, but the
computer power to do this has only been available in the lastedade and
still consumes a lot of time. The major step in tackling this pblem was
taken by Janssen(2002) in his paper: "Extended Nijboer-Zmike approach
for the computation of optical point-spread functions". Inthis paper ENZ-
theory nds its origin as an analytical evaluation of the di raction integrals
is proposed and assessed.

Basic ENZ-theory, as introduced in the paper by Janssen, wasitially
limited to the treatment of systems described by scalar diaction theory.
However, in a recent paper by Braat, Dirksen, Janssen and v.dNes ([5]),
a vectorial version of the ENZ-formalism is constructed stimg the ENZ-
formalism to cope with system of high numerical aperture (gh-NA). It is
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this version of the ENZ-formalism that will be treated in this report.

As the ENZ-formalism can be a tempting alternative to estaldhed meth-
ods to calculate the eld in the focal region, it is not only ths feature that is
of particular interest. ENZ-theory's most appealing featte is the fact that
it provides a semi-analytic expression of the intensity poi-spread function.
This enables us to develop a retrieval procedure which cancomstruct the
aberration function, in terms of Zernike coe cients, of theimaging system
under consideration. These determined Zernike coe cientsharacterize the
system and, in addition, have physical relevance. Each coeient can be
attributed directly to an actual aberration such as coma or stigmatism. In
other words the ENZ-formalism determines both the nature ahmagnitude
of aberrations present in a system and therefore is parti@ary useful in op-
erations to 'repair' or compensate defects present in youptcal system.

In Chapter 2 of this report we will show, starting from the clasical Igna-
towsky/Richards and Wolf formulas and following the path ofENZ-analysis
followed by Janssen, how to arrive at an accurate descripticof the eld in
the focal region that is no longer depending on purely numeal evaluation
of the diraction integrals. In addition a MatLab implementation of the
ENZ-analysis is presented, capable of accurately calculeg the eld in the
focal region. Finally, this set of tools is used to calculatand graphically
display the eld in the focal region, for some examples, gng much insight
and a good feeling for what is actually going on in that focalegion.

In Chapter 3 we engage ourselves into the ENZ-retrieval press. First
the mechanism behind ENZ-retrieval from intensity data is lsown and the
required expressions are presented. Next an implementatiof ENZ-retrieval
is introduced and applied to perform some initial retrievabperations. Results
of these operations will make it apparent that retrieval fron intensity data in
general is not exact and some correction is needed. To thisdewe present a
so-called predictor-corrector procedure which makes regval results converge
to their exact values. Finally, to conclude the chapter, we ssess the ENZ-
retrieval and investigate some of the complications intragted by using actual
data obtained through experiment.

We end this report with some discussion and conclusions cenging ENZ-
theory in general. | also like to mention the extensive Appeltices included in
this report. In particular | refer to Appendix C, where all MatLab-functions
and scripts are included to calculate the intensity distrintions in focus and
do aberration retrieval according to ENZ-theory.



2 Forward ENZ-calculations

In this chapter we will treat the ENZ-theory and discuss itséatures concern-
ing forward calculation of the intensity point-spread funton. In Sec. 2.1, we
will derive the expressions, based on the Extended NijbogZernike theory,
necessary to calculate the intensity distributions in thedcal region when the
eld in the exit pupil is known. This will lead to a rather simple and elegant
expression for calculation of the impulse response of an mail systems with
an numerical aperture (NA) below 060. For systems with an NA 0:60, a
somewhat more elaborate expression is derived. Still, inSe2.2, it will be
shown that both expressions can be conveniently implemendtéento MatLab
computer code. Thorough testing of this implementation isubsequently
conducted in Sec. 2.3 after which some interesting examplae treated in
Sec. 2.4. Finally, we will end this Chapter with some concliens regarding
forward ENZ-calculation.

2.1 The ENZ-representation of diraction

In the current Section we will derive the expressions desimg the intensity
distribution in the focal region of a general optical systemFirst the expres-
sions for low-NA are derived as proposed in Ref. [3]. Next, éhnecessary
extensions are performed to suit the theory for systems ofgh NA, following
the outline in Refs. [6] and [5].

2.1.1 Expressions for low numerical aperture (NA 0:60)

The basic scalar di raction integral to be evaluated for ob&ining the spatial
impulse responseJ(x;y) in image space of a system with low numerical
aperture (see Ref.[9], Sec. 9.1) reads

Z Z

Uxy) = * AG Yexpfi( ; )gexp i( 2+ A

24 2 1

expi2 (x + y)ldd
(1)

where and are the normalized coordinates of a general point on the
exit pupil sphere and k;y) are the image plane coordinates (see Fig.1);with
some liberal use of notation, we introduced the amplitude &nsmittance
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Figure 1: A point source atO emits a spherical wave towards the schemati-
cally represented optical system. In the image space an ataged wave front
W leaves the exit pupil (center atE) and comes to focus close to the image
plane through Q% S is the spherical reference wave front. The normalized
Cartesian pupil coordinates are denoted by;( ), and the coordinates X;y)

in the image plane have been normalized with respect to the diction unit

s WhereNA is the image-side numerical aperture of the optical system.

function A(; ) of the optical system and the wavefront aberration, (; ),
expressed in radians. The factdr represents the defocussing whefe= =
corresponds to one focal depth.

The transformation from cartesian to polar coordinates onfte exit pupil
sphere and in the image plane is formally written as+i = exp( ) and
X+ iy = rexp( ), this results in

u(xy) = exp(if ?) A(; Yexpfi( ; )g

expfi2r cos( )gd d ; (2



The point-spread function given in Eq.(2) can be expanded tform

1)4 ikzl , Z, ’
uixy) = - Ml exp(f ) (; +)

k=0 O 0

expfi2r cosgd d : 3)

where we have putA(; ) equal to unity. We now follow the work of Nijboer
and represent the aberration function as a Zernike expansn

X
(5 )= m Ry () cosm (4)

n;m

(where R'( ) are the radial Zernike polynomials. We refer to [9], Sec. D.
and App. VII, for general information about the Zernike polyiomialsRE" ()
and their use in the theory of optical aberrations.) This abbws us, when
aberrations are small enough that truncation of the in niteseries in Eq.(3)
after the term k = 1 is allowed, to write (using elementary Bessel function
theory),

z 1

u(x;y) 2 exp(f 2)Jo(2 r )d +
X Z,
2i i o exp(f 2)RM( )Jn(2 r )d cosm: (5)
n;m 0
The reduction of this integral, as proposed in the standard iffpoer-Zernike
theory, is rather cumbersome. It involves an ad hoc procedrifor writing
products of Zernike polynomials, which occur when the faat@exp(if ?2) is
written as a Zernike expansion (a linear combination of Zeike polynomials).
Together with the basic identity
z 1

m _ ”2'“ ‘]n+1(2r).
CRIOIn@r)d =( D S

(6)

this made it possible to approximateU(x;y) for some special cases.
However, for Nijboer the representation of products of Zeike polyno-

mials (k = 2) remained in a guess-and-try stage not even to mention the

further implications introduced when larger values fok in Eq.(3), are taken
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into account. This changed in 2002 when an extension to thejNoer-Zernike
theory was proposed and formulated by Janssen (Ref. [3]). his paper it
was shown that, when an expansion of a general pupil functighiexp(i ) in
terms of Zernike polynomials was written as (Ref. [7])
X
AC; Dexpli (5 )= n Ry () cosm (7)

nym

with coecients " (n m 0,n m even) that are complex in general,
Eq.(5) can be written as

X
U(x;y)=2 Sim vt cosm (8)

nm

where Z,

Vit = exp(f %RY( )Im(2 1 )d 9)
0
for integersn;m Owithn m 0 and even.
The crucial step, made by Janssen, was the derivation of a Lomel type
series representation for the integral at the right of Eq. (P It reads

b3 XP :
VM =exp(if) ( 2if) * v.,-J"‘T;IJ(V) (10)
I=1 j=0 v
with v;; given by
om+j+1 1 j+1 1 | 1 g+ |+
. g p .
vi =( 1)P(m+1+2j) |1 |1 D ] | ;
(11)
with 1 =1;2;:::;) =0;:::;p. In (10) we have set
n m n+ m
V2T ; p=——=: 9= —— (12)

Note that (10) still contains an in nite sum over |, but it is shown in Ref. [6]
that su cient accuracy is attained when the series is truncéed for |  3f.



2.1.2 Expressions for high Numerical Aperture (NA I 1.00)

Egs. (7) to (12) above make it possible to accurately compuU(x;y) for
systems with a small-to-medium large numerical aperturB(A  0:60). If we
want to expand the validity of this formalism to systems hawig an NA close
to 1, various e ects have to be taken into account. First of &l the scalar
di raction integral is no longer valid at such high values ofthe numerical
aperture and we therefore have to treat the full vectorial . In addition
polarization becomes important and also the radiometric ect has to be
taken into account.

In order to arrive at the complex eld componentsEy, E, and E; in the
focal region we follow the outline as presented in Sec. 4 offRg5] with
the following adaptation. The radiometric e ect is no longe included in
the expansion of thex andy polarized eld components but instead is
included as a seperate factor (1 5o 2) % in the integral de ning V. The
derivation of the complex eld components in Ref. [5] can bausnmarized as
follows.

In Fig. 2 a general situation of an optical system with an enaince pupil
Sp and an exit pupil S, is depicted. Following the analysis given in Ref.[8] we
can accommodate the most general eld distribution that cate encountered
in the entrance or exit pupil of an optical system by

BX(; )
BY(; )

A*(; )expli2wW (5 )]
AV DexplizW () +i (5 )] (13)

whereA* and AY are real-valued functions describing the eld strengths ithe
x- and y-direction, W(; ) is also real-valued and describes the wavefront
aberration in units of , the wavelength of the light, due to optical path
length variation common to both polarization states. The agle (; ) is
the spatially varying phase di erence that we have chosen tappear in the
y-component. Nonzero values of are caused by birefringence in the optical
system or by polarization-dependent phase jumps at discondiities in the
optical system (e.g. air-glass transitions, optical surt@ coatings etc.). Note
that can be restricted to the range [ ; + ].

According to ENZ-analysis this gives rise to the followingx@ansion of
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Figure 2: The propagation of the incident wave from the entrace pupil Sy

through the optical system towards the exit pupilS; and the focal region at
the image planeP,. The incident wave has a planar wave front. The unit
propagation vector has been denoted bgy, the meridional and tangential
eld components are directed along, respectively, the univectors e, and

go. After propagation through the optical system, the eld conponents in
the exit pupil are projected onto the unit vectorse; and g;, that form an

orthogonal basis with the local propagation vectos;. The position on the
exit pupil sphere is de ned by means of the cylindrical cooidates (; );

the position in the image plane region is de ned by the cylindcal coordi-

nate system (; ;f ). The maximum aperture (NA) of the imaging pencil is
represented bysy =sin  ax.

these distributions in the exit pupil
X

51<'m

nm

mRIM( ) expim ;

BX(; )

BY(; )

myRIM( ) explim ; (14)

where the summation is over all integen; m with n j mj 0 and even.
We may point out here that we use Zernike expansions invohgnthe com-
plex exponential expim ], integer m, rather than expansions involving the
real trigonometric functions cosin ), sin(m ), integer m 0. Note that in
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arriving at Eq. (14) from Eq. (13) we used

X (i amRIMcosm )" _ X

|
n=0 n: n;m

TR expm |

expfi .mR[ cosfm )g=

(15)
This means that on passing from -coe cients, which are physically rele-
vant, to -coe cients, we loose the direct physical relevance of theoe -
cients in the formalism. For small aberration acquiring -coe cients from
-coe cients remains straightforward, but when aberratiors get larger this
process should be handled with care. During the remainder thiis report we
shall focus on the -coe cients and not bother about recovering -coe cients
out of a set of 's.
Now, following the developments in Ref.[5] and transferrgito cylindrical
coordinates, this results in the following set of equatiorfer the electric eld:
it X
isZexp — im M oexplm ]
UO n,m ’
0 , ' , 1
Vnr?o_"'2 S?ovnr;nz eXp [2 ]f"ZS?OVnT Zexp[ Zi ]
%) Bovmexp[d ]+ 52V ,exp[ 2i ] K - (16)
isoVynexpli ]+ isoV" jexp[ i ]

EX(r; ;f )

., it X
Isgexp o im gy explim ]
0 .
0 - n;m . 1
ISTOVnTZeXp [2 ]+ ISTOVnT Zexp[ 2 ]
@vm Svmexpld ] BV ,expl 2 ] K 1 (A7)
SoVpnexpli ] soVy" pexpl[ i ]

EY(r; ;f )

where the quantity = R is a proportionality constant, f is the defocus
parameter,up = 1 1 s and the function ny s forj = 20 10,12,
reads

Z1 .
vio= 0“11 ss2 % 1+ 1 32
if q -
exp - 1 1 s52 RM()Im+j@2r )d (18)
0

i1




The above integral shows resemblance with the basic integd™ (r; f ) (Eq.

(9)) occurring in the treatment of the scalar problem in the pevious section.
To transform Eq. (16) into an expression that is suitable focalculation we
would like to write Vi as a Bessel-series similar to Eq. (10).

For the limiting case of a vanishing numerical aperturesy ! 0), and
X-polarization in the entrance pupil, the expressions for # eld components
E, and E, result in a value of zero and we observe that the eld componen
Ex then yields the value corresponding to scalar di raction. i the general
case, V] has a more complicated dependence onand f than its scalar
counterpart V., this because of the appearance of! and three other factors
containing so. Furthermore the upper index of the Zernike polynomial is no
longer identical to the order of the Bessel function, which as an essential
condition for arriving at the Bessel series expression.

Extended Nijboer-Zernike theory provides us with a schemd successive
steps to be taken in order to arrive at a systematically writtn series for
Vi - It consists of three basic steps that we will address sepéely below.
(Deta|led derivations of the approximations used in this $&me can be found
in Appendix A.)

We start by writing the three factors containing s in the integrand of
Eqg. 18 as

q - jijitt 1 . -
1+ 1 s§2 1 s5?2 “exp — 1 1 2 =
uo n #

exp i R(Z)k( ) (19)
k=0

exp g + if

where the coe cients g; and f; are de ned by requiring the best t
for the constant and the quadratic term in . If both the values for s
and f are relatively small 5, 0:90, f 2 ), the series of Zernike
polynomials with coe cients ; will be normally limited to a constant
term  close to unity, and, a relatively small higher order term;. If
the values forsy or f are really large 6 0:90 orf 2 ) then higher
order coe cients ; are needed. The condition on where to truncate
the in nite sum in Eq. (19) will be discussed in Sec. 2.2. Noté&at
the Zernike polynomials in Eqg. (19) still occur inside the gxonential.
In Sec. 2.2 we deal with this by using the Taylor series expaos of
the complex exponential.
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To reduce the integral Vi (r;f ) to the analytically known result
V" (r; ), the upper index of the Zernike polynomial and the order of
the Bessel function should be identical. To achieve this gpave note
that in general the following relationships between Zerné&polynomials
can be established
X i
WRIM() = Gymys RV 5() (20)

n+jjj 2s
s=0

These relations were already derived by Nijboer in his thesi{14] for
il =1;2 and they are reproduced in Appendix A.

Having determined the two or three new Zernike polynomialshat we
denote by R’nri’ﬁj‘ ,( ), we need to evaluate products of these Zernike
polynomials with a general polynomiaR9, ( ) that appeared in the rst
step. The product of these terms can be written as
N X N
RO (R 5( )= Onjmiiske Rpygsi 1 () (21)

n+jjj 2s n+jjj 2s+2t
t
and it can be shown that the number of terms in this summationa-
mains manageable.

When we follow the recipe described above we can writg} as a linear

combination of a manageable amount of terms of the form[} /! 5., (1 f;)
exp[g;]. This means we now have an expression for the electric eltiat no
longer depends on integrals but instead consists of a numbefr successive
summations. These summations can easily be implementeddantomputer
code, opening the way for fast and accurate simulation of thatensities in

the focal area for aberrated high NA optical systems.
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2.2 Implementation of the ENZ-formalism

In principle, all expressions, needed to calculate the imtsity distribution
in the focal area, are presented in the previous section. Thatep that we
will take in this section is to translate the given expressits into a computer
program that is both accurate and fast. Special care will begn to the cut-
o values occurring in the numerous approximations that arentroduced in
the previous section. An accurate determination of these kees, close to their
lowest acceptable value, is critical if you don't want to lethe computational
burden get out of control.

2.2.1 The V_"-function

First we will discuss the V,"-function that occurs in the low NA case, but
which is also needed to calculate the E- eld in the high NA caslater on.
The function that has to be implemented is found in Eq. (10). Wen we
investigate this expression we nd that it relies on an in nie sum overl. Like
already mentioned in the previous section, this problem waaready solved
in Ref. [6]. There it was proven that truncation of the seriefor |  3f gives
su cient accuracy. In our implementation we usedl = 3:5jf j + 1 to be safe.

The implementation of V", written in MatLab code, can be found in
Appendix D. It calculates V" for given values ofn, m, f and r. Exact
syntax to be used for this program can be found in the commeniscluded
in the program and an impression on the physical relevance dithe shape
of the V."-function will be presented in Sec. 2.3.

2.2.2 The V,j-function

As can be seen from the expressions found in section 2.1.2Z thgh-NA case
Is a bit more complicated. A set of consecutive steps is nedd® arrive at a
series representation of Eg. (18). For each of the steps ddsed in Section
2.1.2, a MatLab function has been written. In the end these arcombined
to form the V§ -function.

The rst step consists of determining the values fog;, f; and an extra

12



parameter G; in the Zernike representation of thes3-terms in Eq. (18)

1 q i+l if q
1 s52 * 1+ 1 s32 exp — 1 1 sf2 =
uo n #
; 2 R 0
exp g +if; © exp nRa:() o (22)
n=0

For this purpose the MatLab-functionGj:m has been written which can be
found in Appendix D. This function needssy, f and N as input arguments,
whereN represents the upper value fon used in the truncated in nite sum
in Eq. (22). As output it will generate g;, f;, G1; and G2 for jjj =1;2; 3.
Here G1; and G2; represent the rst and second order approximations of

" #
s
Gi()=exp R () (23)
n=2
which can be denoted as
X\I 0
GL()=1+ nj Ron( ) 5 (24)
n=2
and I,
X o 1 X o
G2()=1+ n Ron () + > n Ran () ; (25)
n=2 n=2

respectively. G;j( ) is essentially what remains after splitting o the best
quadratic approximation of the exponential expression orhe left hand side
of Eq. (22). ThereforeG;( ) will be small and only a modest amount of
terms have to be included in the approximation oG;( ) (N =4 is generally
su cient). Only for very high values of numerical aperture and defocus
parameter (5o 0:90 andjfj 2 ), a second order approximation, as given
in Eg. (25), is needed. In such cases the value fbir still remains modest
and in our implementation a value ofN = 6 has proven to be su cient.
Note that the products of Zernike terms, occurinlg in the secal term on the
right-hand side of Eq. (25), should be written as co. R9,( ).

Step 2 in the scheme for the calculation of th&[[] -function, concerns the
multiplication of a Zernike polynomial with a factor 111, The extra constraint
imposed here, is that the resulting upper Zernike-index ofllaerms of the
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series representation of this multiplication should be mahed with the order
of the Bessel function occurring in Eq. (18). This is necesyain order to
reduce the integralV,] to the analytically known result V{". In section 2.1.2
we already produced the expression to do this

o M1 o
WRIM( ) = Cjmjis R o () (26)

n+jjj 2s
s=0

It is a simple summation including coe cients ¢,jmjjs. A MatLab-function
Cnmjs:m (see Appendix D.) has been written to produce these coe cigs.

Step 3 is to multiply the terms derived in step 1 with those deved in
step 2. Not taking front factors into account, this consistf writing any
product R),RM as a linear combination oR™,,,. As derived in Appendix A,
this product can be written as

o X N
RY(HRIH ()= Chnjmijjskt RY: (): (27)

n+jjj 2s n+jjj 2s+2t
t

A MatLab-function Rverm:m has been written to calculate the coe cients
dnjmjjske and the computer code can be found in Appendix D.

Now that we have converted all steps, described in Sec. 2,1i@to a
MatLab-implementation, the nal step is to join them to form the function
Vi - To this goal we uni ed the syntax, used in the three parts, byepresent-
ing all occurring Zernike polynomials as a vector containg3 values, namely
its lower index, n, its upper index, m, and its front factor, ,,. Generation
of the function V7 is then reduced to accounting for all terms and joining
terms with identical upper and lower Zernike-index. Finalf the analytic so-
lution to the V" function, as given in Eq. (10), is applied and this results
in

X i X ; x Jimj+ 1+ 2r
Vi =exp(g) momoePGf;) (2f) Vlh%rh()');

n;m =1 h=0
(28)
where the summation ovem; m represents the sum over all Zernike terms
generated by the three-step-procedure described in Secl.2, the value
is the corresponding front factor and we have,, = 1 for oddm < 0 and
m = 1 otherwise. Truncation of the in nite sum over | can again be safely
done forl  3f.
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In this section we have discussed an implementation of the messions
for forward calculation derived in the previous section. ltwvas shown how to
calculate the functionsV," and V] using a set of MatLab-function which
are added in Appendix D. In the next section we will now test tis set of
MatLab tools to see if they reach the required accuracy nesasy to compete
with the other established methods.
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2.3 Testing of the ENZ-formalism

In this section we will conduct a thorough investigation ofthe accuracy of the
implementation presented in the previous section. For thipurpose the im-
plementations of theV," and V! functions are compared to their numerically
integrated counterparts. In addition, special care will bgiven to making the
approximations and cut-o values, chosen in the previous sgon, plausible.

2.3.1 The V,"-function

n=0,m=0,f=0 n=3,m=1,f=0 n=2,m=2,f=0

n=0m=0,f=2p n=3m=1,f=2p n=2,m=2,f=2p

Figure 3: Several examples o¥."-functions. The upper row givesv." for
f =0 (best focus), the lower row forf =2 . Note that, for f 6 0, V" is
complex. Therefore, the solid line in the lower part represes the real part
of V.".

In Figure 3 the function V." is plotted for several values of de Zernike
parametersn and m and for a defocus parameter off j = 0 and jfj = 2
The V,"-functions have direct physical relevance. The functio¥, represents
the amplitude version of the Airy disc pattern and all otherV."-functions
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represent contributions that can be accounted for by the psence of certain
aberrations. In this way V! represents the contribution when coma is present
and V# does the same in case of astigmatism.

To give an impression of the quality of the ENZ approximatiorwe have
plotted the numerically evaluated integral version oV," (Eqg. (9)) and the
Bessel series representation " (Eqg. (10)), for several upper limits ofl
(L =5;10;20), in Figure 4. The Figure shows a steady convergence of the
Bessel series representation ®f" towards the integral based counterpart for
increasing values oL, justifying L  3f as a convincing condition for the
truncation value of | in Eq. (10).

4 T

0 —
VoforL—S
35F x ngorL=1O b
. vgforLzzo

—_— Vg integral representation

251 *

15 b

mﬂ*****ﬂ**w
051 \ 4
0 *S0ececece Rk
0.5 ! ! ! ! !
0 0.5 1 1.5 2 25 3

Figure 4: The integral representation of th&/," -function is plotted (solid line)
forn=m=0andf =2 . In addition, three series representations, fdr =

5; 1G; 20, of the V" -function have been included, showing the convergence as
L increases to values 3f.
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2.3.2 The V,j-functions

In the case of a high-numerical aperture imaging system tharfction V1 is
of central importance. The integral representation and sers representation
of this function are given in Eq. (18) and (28), respectivelyln addition to
the V,"-function treated above, theVT -function has an extra dependance
onj. An example of theV,} -functions |s shown in Figure 5, withn = m =0
and for both f = 0 and 2 For j = O the function Vi gives the same
result asV," (except for the radiometric e ect), that is the aberration{ree
point-spread function (Airy disc). The values ofV, for j 6 0 are needed to
include the high numerical aperture vectorial e ects as cabe deduced from
expressions (16) and (17).

0.5 0.5

0.3

0.3
0.2f . 0.2
0.1

r0.1

0.1
0

-0.1

-0.2 0.2 0.2 0.2 0.2
o 1 2 3 o0 1 2 3 0 1 2 3 0O 1 2 3 o0 1 2 3

Figure 5: The functionsV,} (upper row: f =0, lower row: f =2 ) for the

aberration-free caser{ = m = 0, NA = 0:95). The horizontal coordinater

is expressed in the diraction unit 5 with sy the numerical aperture of the
system. Again, solid and dotted lines represent the real anchaginairy parts
respectively.

In Sec 2.2.2, where we derived a series representation\fg}, we included
an approximation forG; ( ) (Eq. (23)). There we could choose between a rst
or second order apprOX|mat|on and decide the upper limi of the in nite
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sum occurring there. In Figure 6 we have plotted the analytiexpression
(Eg. (18)) and, for comparison, some options for the appraxiation.

V™ forn=m=j=0
nyJ

e V2 (second order approximation, N = 6)
0.2~ , |
\/gO (second order approximation, N = 2)

* Vgo (first order approximation, N = 2)

0
0.15 vo,o (Integral based)

0.1

0.05

-0.05

-0.1

Figure 6: The integral representation of theV,[j -function is plotted (solid
line)forn=m=j =0and f =2 . In addition 3 approximation, namely:
(second order, N=6), (second order, N=2) and (rst order, N=2) are in-
cluded, showing the convergence for di erent choices of ti@&, ( )-function.
Note that the approximation also depends on the/,"-function, where we
have takenl = 3:5jfj + 1 in all cases.

After examination of Figure 6 it is clear that the series regsentation of
the V7 -function rapidly converges to its exact value. Thereforesu cient ac-
curacy can be achieved with a modest amount of terms in the amximation
of G;( ). This was important to keep the computational burden undeicon-
trol to maintain one of the prime advantages of ENZ-analysisENZ-analysis
is considered to reduce computer calculation times substaily. As a mat-
ter of fact this was already strongly experienced in the sinhp test that we
just presented. Calculation of the integral-based represgtions could take
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as much as 10 times longer than the ENZ-based series représgéon. This
fact alone justi es the e ort we and other people are investig in this eld
of research.

In this Subsection the capabilities of the ENZ-theory conering forward
calculations were tested. It has been shown that highly-asate forward
calculations can be performed using a low-to-moderate amuuwof terms in
the expressions fol" and V.l . In the next section we will now present a
number of examples illustrating the power and versatility bforward ENZ-
calculation.
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2.4 Simulation of the electric eld

In the previous sections we introduced some basic expressi@and presented
an implementation scheme for the basic functiong" and V,} . In addition,
by some simple tests, we could convince ourselves that theggasted ap-
proximations were su ciently accurate. In the current secton we will now
present some examples of possible forward calculations fpemed with the
ENZ-formalism.

In the rst subsection an examination of the electric eld ofan aberration-
free optical system is performed. On the basis of this exanepit will become
clear that, for systems of high NA, itis indispensable to trat the full vectorial
case. In Subsection 2.4.2 and 2.4.3 we treat a system subjezta single
speci ¢ aberration. There it will be shown how the ENZ-formasm provides
a solution for simulating an aberrated system for arbitraryazimuth. Finally,
in the last example, we will show the full versatility of the ENZ-formalism
by simulating an optical system, subject to a mix of aberratin all at various
angles and for di erent states of polarization.

2.4.1 The aberration-free case

In Eq. (16) we presented the expression to calculate the elec eld vector
near focus for a general optical system in which the eld in # exit pupil can
be described by a Zernike expansion with coe cients?'. When not men-
tioned otherwise we will assume that the light entering theystem is purely
X-polarized, justifying the use of Eq. (16) only (note: any geeral orientation
for light entering the system can be formed by a linear combation of Eqs.
(16) and (17)).

In case of an aberration-free system, the Zernike expansiohthe eld in
the exit-pupil is simply given by one single coe cient . When we calculate
the electric eld for this case we get the electric eld compeents E,; E, and
E., as shown in Fig. 7. It is clearly visible that the high-NA e ets break
the circular symmetry that is typical for low NA systems. In the right part
of Fig. 8 we show the square root gEtj* = jE4j?+ jEyj? + JE,j* which is a
measure for the intensity in a lossless medium. In the left paof that same
gure the scalar approximation of exactly the same system igiven, clearly
showing the need to treat the full vectorial case.
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Figure 7: The moduli of the three componentEy; Ey; E, of the electric

eld in focus (f = 0) for an aberration-free optical system (NA=0.95, pure
X-polarization).

Ed NA-O [E.J NA=095

Figure 8: jEitj in focus f = 0) for an aberration-free optical system. The
left part shows the result for a calculation when no high NA eects are taken
into account. In the right part, the high NA e ect (NA=0.95) h as been
accounted for.
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2.4.2 Comatic aberration

In this section we will treat an otherwise perfect optical sstem containing
rst order coma along the x-direction. First we have to determine the set
of -coe cients that impart comatic aberration to the system. In standard
Nijboer-Zernike theory a comatic aberration in thex-direction would lead to
the following contribution to the aberration function of the eld in the exit
pupil

comal(; )= 31R%( ycosim ) : (29)
In the vector eld case the equivalent expression is slightldi erent (see Eq.

(13)). Using this expression to form arx-orientated comatic aberration, the
following should apply (small aberration approximation)

X
i 1R3( )cosm ) = mRIM( ) expim ] : (30)

n;m

This leads to a set of -coe cients that obey
1_ I . 1_ I .
3T 50 8 Ty (31)
In a similar fashion, any-orientated comatic aberration would lead to the
-coe cients

1. 1 .
37 o 3 5 (32)

We now use the -coe cients in Eq. (31), with =1, along with J, that

represents the aberration-free part, to calculate the ele eld components
in focus. The result can be seen in Figure 9.
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Figure 9: The moduli of the electric eld components in focugf = 0) for
an optical system NA = 0:95) in uenced by x-oriented comatic aberration
(upper row) and E,; for NA'! 0 andNA =0:95 (lower row).

24



2.4.3 Astigmatism at an angle of  3(® with the main axes

In the previous section we already encountered sets ofcoe cients that
would align the aberration in question either along thex or y-axes. In this
section we shall give the relations for the-coe cients for aberrations aligned
at an arbitrary angle. This will be done by the example of asgimatism at
an angle of 30.

The expression for at an arbitrary angle reads

m=(cosn )+ isinm ) "= (cos@n) isinm): (33)

For our example of astigmatism ¢ = m = 2; = 1) at an angle of 3¢
( =1=6 ), this results in

C Paei 0 Payg

2=~ 2 T (34)

In the upper row of Fig. 10 we have presented the electric eldomponents
in focus for a system being aberrated by astigmatism at an alegof 3®°. The

lower row of this same picture giveg forf = ; 0;+ , nicely illustrating

the symmetry breaking introduced by astigmatism, when trasling through
focus along thez-axis.

25



Figure 10: The moduli of the electric eld components in focsi (f = 0) for
an optical system NA = 0:95) in uenced by astigmatism at an angle of 30
(upper row) and jEj forf = ; 0;+ (lower row).
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2.4.4 Simulation of the point-spread function for a general system
subject to several aberrations

In addition to the features illustrated by the preceding exmples, the ENZ-
formalism can also deal with all sorts of polarization origations. This will be
illustrated by simulation of an optical system, subject to everal aberrations,
for di erent types of polarization.

We analyze a general state of polarization that is incidentrothe optical
system by putting

=an; my = bas (35)

m

n;x
with jaj?+ jbj? = 1 for normalization purposes. The generally complex quan-
tities (a; b allow us to specify the initial state of polarization. By amplying
this relation we assume that spatially varying birefringeoe is not present in

the system.
Several special cases can arise when we choose special vétuda; b).

linear polarization in the x- or y-direction, (a;b = (1;0) arbd_(a; la =

0;1) respectivergy,_and iﬁ the diagonal directions,g( b = (1= 2;1= 2)

and (a;p=(1= 2, 1= 2) respectively,

left- oryright-handeql circular polarization, a = 1=IO 2, b= i=p 2 and
P= g - .

a=1= 2,b= i= 2 repectively,

unpolarized or natural light, a summation in intensity of the above

mentioned orthogonal linear or circular states.

In Fig. 11 we show the point-spread function of an aberratedptcal
system for several polarization orientations. The systens isubject to coma
in the x-direction, astigmatism at an angle of 30 degrees ansl slightly de-
focussed (9 6 0).
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Figure 11: The moduli of the total electric eld forf = , 0, + for an
optical system (NA = 0:95) in yenced by coma, astiq;natism and defocus
(9=1i, 3= ;'=05, 2=1( 3+i)and ,%= 1( " 3+i)). The upper
row displays the case of linear polarization at an angle of 45the middle
row the case of left-handed circular polarization and the Veer row the case
of natural light.
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2.5 Conclusions regarding forward calculations

In the preceding examples the full versatility of the ENZ-fomalism was
shown. Together with the possible accuracy and reduction ithe compu-
tational burden, the ENZ-formalism is a tempting alternatve to established
methods that can simulate the behavior in the focal region afgeneral optical
system.

Now that we have convinced ourselves about the capabilitie$ the ENZ-
formalism regarding forward calculations, we can start timk about the pos-
sibility of matching our simulations with data obtained fram real optical
systems. This will be discussed in the next chapter, wherewill be shown
that we can use the ENZ-theory to construct a method to retriee system
parameters from intensity data obtained in the focal regiorof an optical
system.
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3 Inverse ENZ-calculation from intensity data

In the previous chapter we have introduced the ENZ-theory ahwe have
shown its elegance and power in calculating the intensity stribution in
the focal region of a general optical system. This made the ENormalism
an inviting alternative to other methods like those based omhe numerical
evaluation of the di raction integral. Not only did we see exellent accuracy
while reducing the computational burden, ENZ-theory also qovides us with
more insight in the physical processes going on, because @ngrates the
electric eld stepwise and analytically composed of vari@icontributions with
physical relevance.

In the present chapter we will introduce yet another featur®f the ENZ-
theory. Because the ENZ-formalism provides us with a semnalytic expres-
sion for the intensity distribution in the focal region, we lave the opportu-
nity to match this solution to data obtained through experinent. Using the
matching scheme, which we will derive in Sec. 3.1.2, we arelalo con-
struct a linear system of equations in which the -coe cients are treated as
the unknowns. These -coe cients, in the previous Chapter used as input
variables, can thereupon be retrieved by solving the lineaystem. In other
words, ENZ-theory makes it possible to obtain system chareistics of a
general optical system by evaluation of the intensity poirspread function
alone. This feature is of great practical importance in, foexample, quality
control of ever advancing optical systems in lithography ahmicroscopy.

This chapter is organised as follows. First the necessaryadis to construct
the inverse calculation scheme are derived and applied incSe3.1. In Sec.
3.2 the ENZ-retrieval scheme is tested by applying it to somaf the examples
introduced in the previous chapter. There, we will observehat the retrieval
operation is not exact, necessitating the introduction of ao-called predictor-
corrector iteration procedure in Sec. 3.3, which makes thetrieval results
converge to their exact values. Finally, in Sec. 3.4 we int@gte the limits
to which the predictor-corrector iteration scheme is apptiable and determine
the e ect of inaccuracy in system parameters and noise in thatensity data.
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3.1 Construction of the ENZ-retrieval scheme

In the present Section, we will use the preceding results amrning forward
calculation to obtain a semi-analytic expression, for thentensity distrib-

ution through the focal region of a high-NA system, as a funicn of the
co-ordinates (; ;f ). Next, following the path outlined in Ref. [10], this
semi-analytic expression will be used to form a linear systeof equations
containing [''s as the unknown coe cients. Inverse ENZ-calculation, or
retrieval of -coe cients, then simply reduces to solving this linear syem.

3.1.1 Systematic expression for  hwel

For the light intensity in the focal region of an optical sysem, we consider
the time averaged value of the electric eld densitywei. This gives, for a
harmonic eld in a homogeneous medium with a dielectric cotent = n?,

hWei = Eonrszjz : (36)
The electric eld components in the presence of aberratioms a high-NA sys-
tem (Egs. (16)-(17)) are wused to compute the scalar product
jEj’= E E.

A straightforward elaboration of hwei leads to a rather lengthy expression
involving a quadruple sum over the indicesn, n, m®and n°that occur when
inserting Eqg. (16)-(17) into Eq. (36). In appendix B an exprssion is formed
for hwei according to the systematic notation introduced in Ref. [1]2 Here
we will keep referring to this expression alw.i (Eq.(B6)).

3.1.2 Outline of the basic retrieval scheme

In this Section we will construct a retrieval schema that gies us estimates
of the -coe cients occurring in the expression fotwei (Eqg. (B6)). In prin-
ciple, there are many ways of matchindwei to intensity patterns obtained
through experiment, but here we choose to use the same methasiproposed
in Ref. [10] and [11].

The method introduced in Ref. [10], uses the fact that an abeation-free
point-spread function is close to being azimuthally symmat and that any
aberration present in the system introduces a disturbanceithr a certain az-
imuthal periodicity. It was shown in Ref. [10] that this pheromenon made
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it advantageous (computational advantages) to match harmmc decomposi-
tions of the data instead of a point-by-point matching operaon. We will
now present the method as proposed in Ref. [10] in more detail
First the azimuthal periodicities in the measured intensit patterns are
detected according to .
"(1)= o 1 Yexp(m )d 37)

wherel (r; ;f ) is the measured intensity function in the focal volume. Ult
mately we want to match this harmonic decomposition of the da, ™(r;f ),
to the harmonic decomposition of the analytically known ine¢nsity distribu-
tion, hwel ,
1 Z
an(nf)= > hwe(r; ;f )i exp(im )d : (38)

The resulting expression for [, is again formed in Appendix B. Now, having
available both the harmonic azimuthal dependence of orden for the mea-
surement data ( ™(r;f )) as well as for the analytical functions ( I, (r;f )),
the equation to be solved for each azimuthal orden reads

an(nf)  T(rnf): (39)

Here, the right-hand side function has been obtained via msgarement values
in a large number of lateral and axial positions in the focalolume. The left-
hand side contains the unknown -coe cients that have to be calculated
and the -sign expresses that the linearized version (See Appendix & the
analytical intensity distribution will be used .

There are various ways of solving the approximate equalitysagiven in
Eq. (39). Here we will use the same method as described in REf0]. This
method involves taking inner products of Eq. (39) with the factions

a(Gf)=(+1) Vo?k(r;f W, (nf); (40)

that explicitly appear in the left-hand side of Eq. (39). Beause these func-
tions, ., (r;f), are close to being orthogonal, this operation will resuiin
an approximate linear system in the -coe cients, that will, upon solving,
give an estimate of these -coe cients. The inner product of our choice for
functions (r;f)and (r;f)is dened as
rRZ +F
()= (rf) (rf)rdrd : (41)

0 F

33



The integration limits R and F formally should be in nitely large but, in
practice, they are determined by the lateral and axial extdrof the measured
data set.

We now have a complete set of tools available to do retrievalf o -
coe cients for high-NA optical systems from intensity poirt-spread data.
We like to indicate here that the described formalism coaless uently with
the low-NA case, described in Ref. [10], f@sp ! 0. Practical issues con-
cerning the implementation and use of the scheme describedoae will be
discussed in subsequent chapters.

3.1.3 Implementation of the ENZ-retrieval scheme

The retrieval approach constructed above is correct, but caalso be rather
slow when implemented straightforwardly. This is largely de to the fact

that we have to calculate a large number of inner products, fadhe terms

occurring in 11, in order to construct the linear system. In our implemen-
tation we could tackle this issue by observing that we need tcalculate the

same inner products numerous times. This made it favorable talculate all

possible inner products occurring for a certain optical siem in advance and
store them in a matrix. During the actual retrieval process & now simply
copy the values for the inner products from our saved matrixspeeding up
the retrieval process immensely. Details concerning our piementation are
found in Appendix D, where we provide the MatLab m- les used.

3.2 Testing the ENZ-retrieval scheme

In this Section we will present the results of the rst retrieval operations
performed with the ENZ-formalism described above. As a stiawe will do
retrieval on the intensity distributions calculated as exanples in Chapter one.
We will observe that the retrieval is not exact and we will inestigate this
fact further.

3.2.1 ENZ-retrieval on simulated data

We perform retrieval on several of the examples presented @hapter 2. In
Table 1 the results of the retrieval operation on the intengy distribution of
an aberration-free system is summarized. As illustrated ithis table, the
retrieval procedure applied to an aberration-free systens iexact.
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Input | Retrieved ; Input | Retrieved
2 1:0000]  1:0000 0 1.0000]  1.0180
I 0:0000| _ 0:0000 2 | 00000 01737
1 0:000000:0000 ) 0:0000]  0:1143
: , _ 2 0:0000]  0:1128
e . ;7| 05000 | 04911
i : - 17| 05000 | 0:4911

Table 1: Input and retrieved Table 2: Input and retrieved -

-coe cients for an abberation coe cients for an optical system

free system NA = 0:95, x- (NA = 0:95, x-polarization), sub-
polarization). ject to coma in the x-direction.
Input Retrieved
g 1:0000 1:0258
2 0:0000| 0:0905 0:0001
52 0:4330 + (02500 | 0:2601 + (01952
2 0:4330 + (02500 | 0:5832 + 02909

Table 3: Same legend as for Table 2 but now with
astigmatism at an angle of 3®with the x-axis.

However, for aberrated systems, the retrieval is not exacfThis is illus-
trated in Table 2 and 3, where the retrieval results for the stems subject
to coma and astigmatism (examples used in Chapter 2) are pesged, re-
spectively. Especially the retrieved -coe cients, for the case of astigmatism
(Table 3), contain large errors (up to 20% of the largest ingu ). In Fig. 12
an impression is given of what these errors in the-coe cients result to, in
terms of the electric eld.
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Figure 12: Top: A contour plot of the input modulus of the totd electric
eld (solid lines), subject to coma along thex-axis, versus the modulus of the
generated eld (dashed lines) according to the retrieved-coe cients found
in Table 2. Bottom: Same comparison for astigmatism at an ahg of 3¢
with the main axis (Table 3). 36



3.2.2 Quanti cation of the retrieval error

The observed errors in the retrieved -coe cients are a direct consequence
of the linearization introduced forhwei. As [, has been derived from the
linearized version ofwei, we should write

m = ‘Tn + cranrror (42)

Now we would like to have an indication on the magnitude of g, . For
this purpose we ran several simulations. We started by simating an oth-
erwise aberration-free system perturbed by a singlg-coe cient. Next, we

performed retrieval on the simulated intensity data, thus ndin% an estimate

%O. Subsequently, we plot the dierence between3 and 3, for several
input-values of 3. The result can be found in Fig. 13.

Maximum Error

10 10* 10 10
Simulated b§ value

Figure 13: A plot of the maximum observed error in the estimat, %O, for
di erent values of the input parameter 2.

IQ Fig. 13 we can observe that the error in the estimated -coe cient,
2, is proportional to ( 2)2. It appears that there holds more generally

max j ™ ™/ (max(j T))?: (43)
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The relation found above is hardly a surprise, as it are exdgtthose terms
dependent on (™ ™), for (m;n;m%n9 6 0, that we omit when we change
to the linearized version ofwel .

The above examples show that ENZ-retrieval for aberrated siems is not
exact. The maximum error in the retrieved -coe cients is proportional to
the square of the largest input-. For optical systems subject to relatively
small aberration (maximum j ] 0:01) this is not a problem, but for
systems with moderate to large aberrations, the error in theetrieved -
coe cients becomes unacceptable. Fortunately, the ENZ-fonalism allows
formulation of an iterative process letting the retrieved -coe cients converge
to their exact values. This so-called predictor-correctomechanism will be
discussed in the next section.

3.3 Improving retrieval quality

In the previous Section we observed that, when larger abeti@ns are present,
the quality of the retrieval method becomes unacceptable. his was also
observed during the treatment of the retrieval scheme for stems of low-
NA in Ref. [11]. There, a mechanism was formed to correct fohé error
introduced by the linearization of the analytic representon of the intensity.

In this Section we construct an equivalent mechanism suitédfor the high-
NA case.

3.3.1 The predictor-corrector mechanism

In order to pursue better accuracy for the ENZ-retrieval proess when larger
aberrations are present, we present a so-called predictmrrector procedure.
In this procedure, we determine estimates for the error inaofled in the re-

trieval proces and correct for them in an iterative processA general justi-

cation for the predictor-corrector procedure as used thraghout this report

is given in Appendix C. Note that in Appendix C we deal with inensities,

although throughout the remainder of this report we will apfy the same

principles to the azimuthal dependencies in the intensity.This is allowed

because the operation in Eq. (37) is linear.

As stated above, we apply the predictor-corrector princigls to ™ rather
than to the intensity. This is because of computational advatages and in-
creased stability. Correction of ™, according to the principles presented in
Appendix C, leads to a mechanism that can be summarized asléoVs.
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The predictor-corrector mechanism relies on the degermin'an of an ac-
curate estimate for Om which we shall denote as [, . Having available

error error

this estimate, we can write Eq.(42) as

error

0
m m — m + m m

error an error error

0

(44)

From this relation we nd that if we subtract an accurate estmate, g, °
from the azimuthal periodicity of the input-data, ™, we improve the quality
of the linear system posed by equation Eq.(39). Applying thprinciples in-
trodu%ed in Appendix C we can construct the following scheme determine
glrror
1. First basic retrieval is performed on the intensity datal |,iia , @cquiring
a rst estimate for the unknown -coe cients describing the system,
which we denote as jitial -

' nitial (45)

| initial

2. Next, we use the estimates |, to simulate an intensity distribution
through focus, | simuiated -

in ! lsim (46)
3. In order to obtain an estimate for [, °, we perform retrieval onl gim,
acquiring  sim - This sim IS used to simulate |co.
Isim ! sim! lcor (47)

4. Next, we de ne the estimate, 7., °, as
Bor = Sm Cor (48)

where g, and g, arethe azimuthal dependencies, obtained through
Eq.(37), oflsin and ¢, respectively. (Note that Eq.(48) is the equiv-
alent of Eq. (C6))
5. Finally, we apply T, *to Eq.(42) to get
0
" glrror :Tn (49)

This expression, which substitutes for Eq. (39), will subsgiently be
used to construct a linear system of better quality, which Wli return
better estimates for the -coe cients.
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The procedure described above improves the quality of thetrieved -
coe cients for a general optical system. It is also well suéd to be applied in
an iterative manner. The -coe cients obtained in Step 5 above, can be used
again to serve as the input values, ,, in Step 2 of the procedure. When
doing this repeatedly we have arrived at the so-called predor-corrector
mechanism for high-NA in ENZ-theory.

By applying the predictor-corrector procedure, we can reigve the exact
values for the -coe cients describing an optical system subject to aberra
tions. Accordingly, the predictor-corrector procedure gplied to the systems
subject to coma and astigmatism, as presented in Section 3.2yield the
exact values of the input -coe cients. This is illustrated in Fig. 14, where
we have plotted the error in the estimates of the -coe cients versus the
number of iterative steps. We observe that for both cases therror in the
retrieved -coe cients eventually gets below 101°. However, we do have to
note here that there is a limitation on the absolute size of #n -coe cients
(or aberrations) in order for the predictor-corrector metlod to be applica-
ble. We encountered this limit, for example, when the predior-corrector
procedure failed for the intensity distribution introduced in Sec. 2.4.4. This
constraint on the size of -coe cients will be further treated in Section 3.4.

b errors for coma example

b errors for astigmatism example

10

0 Sb 160 150 260 250 360 0 5 16 1‘5 20
Number of iterative steps Number of iterative steps
Figure 14: A plot of the errors, present in the estimates for, versus the
number of iterative steps taken in the predictor-correctoprocedure. The
left part corresponds to the coma example and the right to thastigmatism
example as treated in Section 3.2.1.
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3.4 Testing the predictor-corrector procedure

In the previous section a predictor-corrector procedure \sapresented that
would make retrieved -coe cients converge to their exact values. As already
mentioned before, the predictor-corrector procedure is halways applicable.
When -coe cients become too large, the predictor-corrector preedure fails.
In this section we will investigate to what extent or range of -coe cients
the procedure is applicable.

3.4.1 Limitations on the size of a single -coe cient

In this Subsection we will summarize the results of some nuneal experi-
ments performed to determine the maximum size of-coe cients, for which

the predictor-corrector procedure remains applicable. Weimulated an op-
tical system having an NA of 35 and we assumed] to be equal to 1. We
then nd that, simulated systems satisfying the following onstraint

I 1 (m;m8o0)
iY 1 (nnm=0) : (50)

can be solved and the -coe cients are retrieved exactly. We observed that
the above posed limitations on the size of the-coe cients are not very strict.
During the numerical experiments, it turned out that the abwe de ned limits
could be stretched signi cantly when smarter schemes of ¢ection, in the
predictor-corrector procedure, were applied. However, vahall not go into
this any further at this moment, as our main systems of inters, those in
advanced microscopy and lithography, will be systems thata be described
well within the imposed limitation on the -coe cient, according to Eq.(50).

3.5 Complications regarding real systems

Until now, all retrieval has been performed on synthetic dat. This is not
only because of the fact that no real high-NA data is availablyet, but also
because retrieving real data can bring extra complicationsin this section
some of those complications will be treated and we will inviégate their
in uence on the retrieval quality.
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3.5.1 Uncertainty in the value of the NA of the system

In order that retrieval on an optical system makes sense, osbhould have ac-
curate information about the system. For example, inaccuy in the value
of the NA of the optical system under consideration can intrduce large er-
rors. As an extreme example, we will rst perform retrieval a the intensity
distribution belonging to the right part of Fig. 8. During this process we
assume the NA of this system to be zero instead of9%. Essentially this
means we try to retrieve a high-NA system with the scalar ENZermalism.
This results in a set of -estimates as displayed in Table 4. From this we con-
clude that retrieval of a system assuming wrong charactetiss of the system
can lead to -coe cients containing large errors and at the same time shas
the necessity to treat the full vectorial case in order to do eaningfull re-
trieval. Note that the retrieved -values for this example (Table 4) construct
a system that is not even physically realizable.

In order to illustrate a more realistic situation, we simuléed an optical
system (NA= 0:95) subject to some aberrations, which are de ned in Table
5. Next retrieval is performed on the intensity distributicn resulting from
this operation, assuming di erent values for the NA. As can b seen from
the results presented in Fig. 15, there exists a rather strgndependence of
the retrieved -coe cients on the assumed value of the NA of the system,
indicating the need to determine the NA with great accuracytypically better
then 0:.01).

Input value | Retrieved Input value

N 1:0000 0:9987 J 1:0000

S 0 1:3894 9 0:0200

52 0 0:5662 - 0:0500

2 0 0:5632 3 0:0500

52 0:0100

Table 4: Comparison between 2 0:0100

the actual input and retrieved -

coe cients, in case of retrieving an
aberration-free system (NA= Q95,
X-polarization) using the scalar
ENZ-formalism (NA! 0).

Table 5: Set of -coe cients de-
scribing the eld in the exit pupil
of the optical system NA = 0:95)
under consideration.
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Figure 15: The error in the estimates for the -coe cients versus the NA
assumed during retrieval. The aberrations present in the stem (NA= 0:95,
y-polarization) under consideration are de ned in Table. 5.

3.5.2 Inaccurate knowledge about the state of polarization

Another complication related to experimental data could b¢he fact that the
exact state of polarization of the light incident on the sysm is unknown.
By assuming a certain state of polarization we introduce andaitional error.
We have plotted a measure for this error versus the square bt error in the
parametera, which de nes the polarization according to Eq.(35), in Fig 16.
The used measure for the error in the -coe cients, the square root of the
total error power, is de ned as
S
Q= (G B (51)

n;m

In Fig. 16 we observe a serious issue regarding the presententainty in the

polarization state for experimental data. There is a very sep dependence of

the error in the -coe cients, Q, on the error in the a-parameter, a. This

implies that we should determine the polarization state offte system under

consideration with great accuracy in order to keep the errsrin the retrieved
-coe cients acceptable.
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Figure 16: A measure for the total error, present in the estiates for |,
versus the square of the error in the parametaa. The system (NA= 0:95)
under consideration is de ned in Table. 5.
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Errorsin b™
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Figure 17: The error in the separate -coe cients, versus the number of
iteration steps. The system (NA= Q95, x-polarization) under consideration
is de ned in Table. 5 and is subject to noise of the order 5 10 4.
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3.5.3 Inaccurate positioning of the through-focus planes

When acquiring data from the focal region of an optical syste, it can be very
hard to determine the best-focus position. Not only can onéoose the wrong
X- or y-positions, also in the direction along the optical axis anreor in the
position can be made. The quality of the ENZ-retrieval depals on the def-
inition of the through-focus planes. Making errors in this psitioning means
the quality of the retrieval will degrade. Fortunately, ENZtheory foresees in
a rather simple way to correct for this. We can distinguish tB -coe cients
having (m = 0;n = 2) and (jmj = 1;n = 1), to be exactly those coe cients
describing the erroneous positioning of the through focudgmes. Now we
should determine the parameters for the through-focus plas for which the
mentioned -coe cients are minimal. The best x- and y-positioning can be
obtained from a single through-focus plane, close to bestcies, by simply
picking the highest intensity value for the origin. Determmation of the defo-
cus parameterf , can be done by adjusting and retrieve, until 2 is nearly
zero.

3.5.4 Noise present in the system

When working with experimental data it is inevitable to havenoise included
in the data. To investigate the e ect of noise present in theystem, we again
simulate a system and add some simulated additive white gaian noise to
it. This simulated noise has average value zero, varianceeoand standard
deviation one. We now add noise to our intensity distributia according to

| total (I’;  f ): Linitial (r;  f )+ N rand Shoise - (52)

Here Niang IS a collection of random numbers, one for every data-point
(r; ;f ), satisfying the characteristics of white gaussian noisend S,se de-
termines the magnitude of the noise one wants to introduce ithe system.
In Fig. 17 we applied the predictor-corrector procedure to gystem sub-
ject to aberrations as de ned in Table 5. To test for the in uence of noise
present in the data we added noise to the system according t@.E(52) with
Snoise = 0:0005. The gure shows convergence of the-coe cients to their
exact values up to the magnitude of5,,se. In other words the accuracy of
the predictor-corrector procedure is limited to the magnitde of the noise
present in the data.
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3.6 ENZ-retrieval in action

Unfortunately, at the time this report was written, no high-NA experimental
data were available. This made it impossible to put ENZ-reteval through
the ultimate test, retrieval on a real high-NA system. In ths section we
present a nal example in which we try to simulate the processf handling
real experimental data.

First we generate a through-focus intensity distribution,corresponding
to an exit pupil eld imposed by the -coe cients in Table 6 (Fig. 18 upper
row). To this we add simulated noise with a SNR of 10 (Fig.18 send row).
Next we apply the retrieval procedure to the resulting intesity distribution
while assuming that the NA and polarization state of the sygim are known
with great accuracy, so we will not have to bother about the eoplications
found in Subsections 3.5.1 and 3.5.2. Theestimates found in this procedure
serve to construct the intensity distribution found in the third row of Fig. 18.
Finally we apply the predictor-corrector procedure. Rests of this operation
can be found in the lower row of Fig 18.

Input value
J 1:0000
Lt 0:5000
1 0:5000
. 0:5000
3 0:5000
5?2 0:5000
2 0:5000
3> 0:5000
3 0:5000

Table 6: Set of -coe cients describing the eld in the exit
pupil of the optical system (NA = 0:95) treated in Section
3.6.
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Figure 18: The through-focus intensity distribution for the system (NA
= 0:95, x-polarization) de ned in Table. 6. The upper row is the actua
distribution, the second row is what results after adding nee with a SNR of
10, the third row is the distribution de ned by the rst -estimates and the
last row is the distribution resulting after the predictor-corrector precedure.
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3.7 Conclusions regarding ENZ-retrieval from inten-
sity data

In this Chapter we introduced and discussed the retrieval pabilities of the
ENZ-formalism. We showed how the semi-analytic expressmifior the eld
in the focal region could serve to construct a calculation keme, which pro-
duced estimates for the -coe cients describing the optical system under
consideration. Nevertheless, it became clear that this mval operation, for
aberrated systems, is not exact and therefore some sort ofrextion was de-
sired. To this purpose we introduced a so-called predict@oerrector method.
This is an iterative procedure which makes the retrieved-coe cients con-
verge to their exact values.

Subsequently, having this full set of tools available, we atyzed the ENZ-
retrieval process. This resulted in a condition for the marium allowed size of
-coe cients that should be respected in order to guaranteehie applicability
of the predictor-corrector method. Next we treated some ohe additional
complications that can be introduced when dealing with expenental data.
We saw how numerous e ects, such as uncertainty in the NA, padization,
position of through-focus planes and the inevitable presea of noise, could

degrade the quality of the retrieval process.

Nevertheless, none of the discussed complications seemearksurmount-
able. This was illustrated in a nal example where, in spite bthe fairly poor
quality of the through-focus intensity data containing nose (second row Fig.
18), the match of the intensity distribution, retrieved with the predictor-
corrector method, is strikingly good.
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4 Conclusions and discussion

This thesis deals with the ENZ-formalism suited for opticabystems of high
numerical aperture. It is shown that it is necessary to treathe full vec-
torial electromagnetic eld description of light entering such a system in
order to calculate its intensity impulse response accurdie In Chapter 2
it became evident that calculation of such intensity distibutions using the
ENZ-formalism includes several advantages compared to &slished methods
depending on purely numerical evaluation of the di ractionintegrals. Not
only did the ENZ-formalism considerably reduce the comput#nal burden,
while acquiring equivalent or better accuracy as establisd methods, its
semi-analytic nature also opened the way for doing inversalculation.

In Chapter 3 we constructed a scheme to do inverse calculat® or aber-
ration retrieval, on an optical system, solely by evaluatio of intensity point-
spread data. We observed that, in general, our linearizedtreval is not exact
and a correction for this is desired. To this end we construetl a so-called
corrector-predictor procedure, which improved retrievatjuality drastically,
making retrieved -coe cients converge to their exact values. Next we could
formulate a condition, to be imposed on the size of the-coe cients de-
scribing the system, which guarantees applicability of theorrector-predictor
procedure.

In the last part of Chapter 3, we used the full set of ENZ-toolsto de-
termine the consequences of certain inevitable inaccurasiintroduced when
applying ENZ-retrieval to experimental data. Here we foundhat especially
the numerical aperture and state of polarization of the systn under consid-
erations should be known with great accuracy as small varians in these
parameters lead to fairly large errors in the retrieved -coe cients. Also the
e ect of a poor de nition of the through-focus planes is disassed and it is
demonstrated how to correct the data for this. Finally the irvitable presence
of noise in data is assessed. We found that the retrieval ersantroduced by
noise are always much smaller than the magnitude of the noise

This thesis has shown many advantages of the ENZ-formalisnuitistill it
has not been applied extensively in the world of optics yet. ®think this is
largely due to the fact that the rather complicated math invdved scare po-
tential users. We think this is undeserved, as the math behathe formalism
might be complicated, the resulting terms to calculate areat. Nevertheless,
we do recognize the need for continued research (also aimeédaveloping
accessible computation schemes) in the subject. Primaryténest is of course

49



in the retrieval of a high numerical aperture optical systenfrom experimen-
tal data. Because of the high-NA, these data can only be obtad through a
resist-based experiment. This in turn implies we have to ilmcporate di usion
e ects in the ENZ-formalism. Also the range of ; m) for which retrieval is
performed remained limited until now and should be extendetb correctly
handle experimental data. As mentioned before, vast imprements can also
still be expected in the corrector-predictor mechanism, ¢énding the range
of -coe cients for which the procedure is applicable.

Summarizing we could say that ENZ-theory is an exciting eldn optics,
subject to rapid developments in recent years and we expec¢tto become
well known and widely used in various elds of optics in the auing period.
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A Reduction of the integrals to basic form

In this appendix, we reproduce the derivation that is needetb transform
the integral V7 (r; f ) into a series of integralsV" (r; f ), see Ref. [3].
We shall rst show that

= R T ("
1 2 = — R ; Al
So 2Uon:0 n 1 2n+3 an() (Al)
9 1 u. 1% d@ gt
In 1+ 1 22 = Zdy+In[Y] = 2 0 RO A2
h
In(1 s§? = ¢ R, (A3)
n=0
where
_ 1 s 2 o
C = 1+ TIn(l S5) ;n=0 (A4)
0
on+1 X K1
c, = A+ 1) siC s n=1;20 (A5)
q k=n k
Uup = 1 1 s%; (A6)
2
b = o . (A7)
So

For the treatment of the rst two expressions we refer to Appedix B in Ref.
[5]. The third expression, (A3), thanks to Janssen, can be deed as follows

A
Nl s2% = &R ; (A8)
n=0

where the coe cients ¢, are determined by the integral
Z 1
22n+1) In1 sEHRY() d
0
R g Z,
2(2n + 1) % XRYI()d : (A9)

k=1 0

o
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To tackle the integral in the right part of Eq. (A9) we start from the result,
valid for > 2,

Zl
m _ (m )(m +2) i (m +2p 2)
Rmizp( ) d = ( 1)p(m+ +2)(m+ +4) ;i (m+ +2p+2)
_ 1 Gm 3 )p )
B 5( 1)p(%m2+% i—l) ol (A10)

where we have used Pochhammer's symbol, see Ref.[15], Eq.@) on p.
256,

(@o=1; () =a(a+1l) ::: (a+n 1); n=1;2;::: : (Al11)

This result is readily proven as follows. It is well-known, ee Ref.[9], App.
VII, Sec. 2, that

Rhwp( )= MPEIM™2 2 1) ; (A12)

where P\’ ) is the Jacobi polynomial in the notation of Ref.[16], Chap. 4
Substituting z=2 2 1 in the integral in Eq.(A10) and noting Rodrigues'
formula

(1P d P

po @ L AT (ALY

PL™(z) =

we obtain Eq.(A10) by p partial integrations and some admirstration.
Using the result in Eq. (A10) we can writec, as

X g2k 2k( 2k+2) ::: ( 2k+2n 2)
_ S0 n :
&= 22+l . kY ak+22k+4) = @k+2n+2)
(A14)
which can be further simpli ed forn =1;2;:: to read
_ (@n+1 X 2 (k1) KI(n + 1)!
® 7 o+ Pk nin Di(k+n+)
)4 k 1
- (n*l) skl . n=1;2:: (A15)

n(n+1) _ 70 kol
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The case fom = 0 has to be treated separately. We can write:

z 1 z 1
G =2 In1l s52d = In(1  s3x)dx ;
0 0
_ (1 s sH+(Q s 1
= 2 :
S5 2
= 1+ ) In(1 sp) ; (Al16)

0

Now by combining this result with Eq. (A15) we have found all &rms used
in expression (A3).

Al Step |

Using the results obtained above it can be shown that the logthm of Eq.
(19) can be written as

1 2o 94— if 49—
—In1 s§°+(jjj+l)in 1+ 1 s§2 +— 1 1 s§°2
4 Uo
; 2 R 0
= g tif; °+ nj Ron( ) (A7)
n=2
in which
1 - .
g = @ c)+(ji+D( b)+if (a0 &) (Al
fj = %icl+2fa1 2i(j jj+1)by ; (A19)
N = %Cﬁ(j ji+Dbh+ifa, ;. n=2:3::0;  (A20)
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where the various coe cients are given by

1 1
d = > édo,
1 dnl dn+1
& = 2n° 1 2n°+3 Con=1;2: (A21)
1 Ug
= —dn+1 -~
03 5t n db
1 dn dn+1
b= 5 2 g nELizn (A22)
1 2
o = 1+-—2In1 & ;
So
an+1 XK
G = n Nk n=1;2:0 0 (A23)

n(n+ 1) e k "

We now obtain for the original expression

1 q j i+l if q
1 s52 % 1+ 1 2 exp o 1 1 s§2
0
=exp g +ifj 2Gj(); (A24)
with " "
X 0
G()=exp  5RY() : (A25)
n=2

A.2 Step ll

In order to reduce the expressions for the eld components @ form that is
analytically tractable, we need to be able to adapt the uppemdex m 0
of Zernike polynomials according to the recursion formulagiven by Nijboer
[14]. The starting points are the formulae

+1 + + .

RI() = T IRIEO+ LR (A26)
p+1 q .

RI() = BRI+ —-RY () ; (p27)
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where, as usualp=(n m)=2 andqg= (n+ m)=2, that permit us to raise
or to lower the upper index by one unit. A straightforward catulation yields
the expressions to induce a change of2 in the upper index,

(p+1)(p+2)

RY( ) m”m”)mu

T
RI) = A REZO)

PBLRIZO BEDRITO) - (a29)

The coe cients Cyjmjjs IN EQ. 26 are easily extracted from the formulae above.

A3 Step Il

We nally need to write any product R, R™ as a linear combination oR",,,.
From the formulae above and withR3( ) =2 2 1 we derive

(P+D(A+D) o vy M Ri( 42— PY
(n+1)(n+2) Rasz n(n+2) n(n + 1)

R2CIRY() = Ry ()

(A30)
with, again, p=(n m)=2 andg=(n+ m)=2.
Higher order polynomialsR3, ( ) can be written as a polynomial having the
argumentR9( ) =2 2 1 according to

'

RO()= P RY() =
1=0

(1) k 2 2

5 ’ RY()“? . (A3

Here Py is the k" Legendre polynomial andX] is the largest integer  x.
Using EqQ.(A31) and then Eq.(A30) repeatedly, we can write gnproduct
R%.( )R™( ) as a linear combination of at most R + 1 terms R™,,,( ). Ac-
cordingly, we can write in general
X
RS CRIE ()= Onjmijske RoL: (): (A32)

n+jjj 2s n+jjj 2s+2t
t
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B Expressions for hwel and I}

In this Appendix analytic expressions fotwei and [}, are formulated. For
this purpose we adopt the systematic writing as introducechiRef. [12].
In Ref. [12] it was shown that

wei = —n?jE}* ; (B1)

when omitting the constant front-factors inE, can be written as

oN?sg
2

S(Z)RefGO;Z( X x)+ iGO;Z( X y)+ iGO;Z( y; x) G0;2( y; y)g+

S?)RefGO; 2( X x) iG0; 2( X y) iGO; 2( y; x) G0; 2( y; y)g+

sa . :
EOfGZ;Z( X x)+ |GZ;2( X y) IGZ;Z( y; x)+ G2;2( y; y)g+

sg . .
EofG 2; 2( x; x) |G 2; 2( x; y)+ |G 2; 2( y; x)+ G 2; 2( y; y)g+
S(Z)fel;l( X x)+ iG1;1( X y) iG1;1( y; x)+ G1;1( y; y)g+

ngG 1; l( X X) iG 1; 1( X y)+ IG 1; 1( y; x)+ G 1; 1( y; y)g"#

hwe(r; ;f )i =

Goo( x5 x)*+ Gool y; y) +

ZSSRef Gl; l( x; x)+ iGl; 1( x; y)+ iGl; l( y; x)+ Gl; 1( y; y)g ;
(B2)

where , and  in the arguments of Gy -functions represent the sets of
Zernike coe cients to be used forx- or y-polarized light (to be denoted by

nx and 7\, respectively) andGy () itself is given by
X
Gu(; ) = iMexplim 1 JVo(nf)explk ]
n;m
X . MmO . 0 0 .
i ™exp[ im®] W VB (nf)exp[ il ]
X n%mo
= expi(m m%Yy=2] expf(m m°+k 1) ]
n;m;n %mo

0 0
n r% Vnr?k(r;f )Vnrg;l (r;f) : (BB)

n
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Next the assumption is made that the lens defects (amplitudand phase)
are su ciently small and that the Strehl-intensity |s of the imaging system
is relatively high. This allows us to write

Max + Wex ()
Gu(; ) = expli(k 1) ] fexp[ i = 2Jexp[ i ]
=0 = max ()
o VoxV, +( ) expli = 2lexpl 1 oV, Vg
(B4)
where  equals unity for = =0 and zero for any other combination of

(; )-values.
Using the linearized expression foGy (; ), we subsequently analyze a
general state of polarization that is incident on the opticksystem by putting

no=a n=b D (B5)

n;x ' ny

with jaj? + jlj? = 1 for normalization purposes. This allows us to specify the
initial state of polarization by specifying the generally omplex quantities
(a;b. Incorporating this into Eqg.(B2), we can write

on?Zsg
2
s5 ja® | B® RefGoo(; )g 2Ref@b)imfGoo(; )g +
s jaji® j b® RefGy, 2(; )g+2Re(ab)imfGo o(; )g +

S—Zg[fl 2im(ab)gGza(; )+ fl1+2Im(ab)gG 2 o(; )+

s5[f1 2im(ab)gGua(; )+ fl+2im(ab)gG 1 1(; )+

hwe(r; ;f )i =

Goo(; )+

25% Jan ] bJ'Z RefG.q; 1(; )g+2Re(ab)imfG.i; 1(; )g
(B6)

To solve the basic 'retrieval' problem as presented in Se8.(.2), we need
analytic expressions for the azimuthal harmonic componesithat are present
in the linearized intensity distribution through the focal volume of an aber-
rated imaging system. Here we will give the expressions fdne harmonic
components pertaining to the real and imaginary parts of thgeneral func-
tions Gy, (; ) that are found in the analytic expression folhwei (Eqg. (B6)).
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Having available the harmonic components dby,(; ), an analytic expres-
sion for 7} is readily constructed upon substituting these terms in Eq(B6).
The function I is de ned as
1 Z s
mnf)= > hwe(r; ;f )i exp(im )d ; (B7)
where we observe thatw.i (Eg. B6) is linear dependent upon the real and
imaginary parts of the general functionGy, (; ). If we can nd an analytic
expression for the harmonic components of the real and imagry part of the
general functionsGy, (; ), the expression for [ will follow accordingly.
After some manipulation one obtains for the harmonic compamts g3,
and gp, with upper index m of, respectively, the functions ReGy,(; )g
and Imf Gy, (; )g

oX N n - (0} n -
glg‘e — ?o Re k1 m (;k;I m) +Re (k 1+m) (;k;l+m)
n K+
+ |+
+(1 . kerem)Re CREM) (;I;k ™
n - (0}
+
) +(1 . 1 mRe ( k+l m) (;I;k m)
. K| (k I m) k| (k' 1+m)
i Im G bm Im (< m
n - 0}
+ |+
+(1 Cketem)im Gk (;I;k ™ .
n kel )0|0
+ m
(1 - k+1 m)im (hetm) Ik (B8)
oxX n-n k| ° n k|
glmm _ ?o Im (k 1 m) (;k;I m) +1Im (k 1+m) (;k;l+m)
n k+ 1
+ |+
+(l : k+|+m)|m ( k+l+m) (;I;k m)
n - (0}
+
+(1 -~ m)lm ( k+l m) (;|;k m)
h n « )o n « 1em)
H k| m k I+ +m
+i Re (I m Re (< Im &,
n k+1+m 0
+(1 : k+|+m)Re ( k+l+m) (;I;k ) .
n (ks )OIO
+ m
(1 vk m)Re (eelom) Lk (Bg)
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where the function has been de ned in Eq.(40). Next, the reslts from
(B8) and (B9) are used to process the right-hand-side of EqBT). Finally,
upon taking together terms of identical -coe cients, we obtain

8
oX <
mf)= ?O ~ nonumber (B10)
m m 2 m m Sg m m
2 m) 0.0t Sp a1t o F > 221 2 2
2|m(ab) 11 11 + E :2:2 2 2
m m 2 m m Sg m m
+ M2 m) 00t Sp a1t T F > 221 2 2
2|m(ab) 11 11 + E :2:2 D2 2
+ (M 2) jaj?] j % +2iRe(@b) o
2 2 2
S5 (r;?);z) +(1 m 2) (r;n 2;3 2 (r;n 1;31
+ (m*2) jaj; j b 2iRe(ab)
S (1 me) B+ F 2 WP
+ (m2 jajaj b2 2iRe(ab) o
2 2 2
5(2) (;Or;n2 ) + (1 m +2) (; mZ;O) 2 (; ml;+1)
+ (™2 g2 j b2 +2iRe(@b) 9
n 02

2 2 2 .
s @ m2 oo+ a2 200 (Bl

Note that the constant front-factor in (B6) has been discardd. This
result will be used in Sec. 3.1.2 as the left-hand-side to E¢B9).
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C Justi cation of the corrector-predictor
procedure

In this Appendix we will justify the corrector-predictor procedure used in
this report. We stress here, that various other schemes car lzonstructed
that will lead to a comparable result. Our choice for the sclmee below is
based on several computational advantages it contains.

We formally write the initial intensity distribution, | ni5a , ON Which we
have to perform retrieval, as

02 00 X o 0 m; 0 X oX o 0 mm?@
_ , m , m m ’ .
ln = 0 oot 2 on not n n% nno > (Cl)
n;m nm n%mo
.m0 . . 0
where 7% is an elaborate term depending on producty ] V5,0 and the 0

on the sums indicates thath = m = 0 and n°= m°= 0 should be excluded.
In the retrieval scheme we match this distribution with the inearized version
of C1
0 2 00 X o 0 m m;0 .
lin 0:ln oo+ 2 0In nin no - (C2)
n;m
From Eqs. C1 and C2 we nd that retrieval will be exact for

X oX o 0 mm?© 0 2 00 X o 0 m; 0
m m m° _ ; m ;0 .
lin n n% nno — 0;In 0;0 +2 0iln n;ln n0 - (C3)

n;m no%mo n;m

This leaves us to accurately determine

X oX o

— m m° mm° .
IError - n n® nno o (C4)

n;m nom?o

which from now on we shall denote abgor -

In principle the full expression forlg.or IS known and can be calculated
in a straightforward manner. However,l g, depends on a large amount
of products betweenVj -functions and their calculation would increase the
computational burden disproportionately. We therefore ahose to determine
estimates forlg.or , Which we shall denote asgor 0, following a di erent
path.

This procedure to determine accurate values fok o, °, consists of simu-
lating an intensity distribution from the -coe cients retrieved in C2, which
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leads to:
X o X oX o

_ 0 2 00 0 m  m0 m m° mm° .
I'sim = 0;In 0;0+2 : : + n:in n%n nno -(C5)

n;m n;m no%m?o

We now take the third term on the right-hand side of Eq. C5 as auestimate,
leror - Itis given by

X oX o o X o
| 0 _ m m° mm°_ o 0 2 0.0, 5 0 m m;0 .
Error n;in n%n nno — !'Sim 0;Sim 0;0 0;Sim n;Sim n;0
n;m n%mo n;m
(C6)
where [, represents a set of -coe cients obtained through basic retrieval
on |l sim .

The main bene t of this approach is that we can calculatéd g, * exclu-
sively using data readily available from the basic retrieaoperation. The
nal step consists of correctingl jnitiar  USING | grror ° (the estimate for | gror )
and repeating the basic retrieval on this modi ed intensitydistribution. Rep-
etition of this process, until the desired accuracy is reaed, nally results
" ; 2 00, X 0 |

ln  lemor = Opimar o0+ 2 OFinal mFinal mo - (C7)
n;m

66



