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We consider optical systems with variable numerical aperture (NA) on the level of
the Zernike coefficients of the correspondingly scalable pupil function. We thus
present formulas for the Zernike coefficients and their first two derivatives as a
function of the scaling factor ¢ <1, and we apply this to the Strehl ratio and its
derivatives of NA-reduced optical systems. The formulas for the Zernike
coefficients of NA-reduced optical systems are also useful for the forward
calculation of point-spread functions and aberration retrieval within the
Extended Nijboer—Zernike (ENZ) formalism for optical systems with reduced
NA or systems that have a central obstruction. Thus, we retrieve a Gaussian,
comatic pupil function on an annular set from the intensity point-spread function
in the focal region under high-NA conditions.

Keywords: NA reduction; Zernike coefficients; Strehl ratio; central obstruction;
aberration retrieval;, ENZ theory

1. Introduction and overview

In highly corrected optical systems that operate in or close to the diffraction-limited
regime, the residual aberrations are small and the optical design is such that the
distribution of aberration over the aperture of the imaging pencils minimizes image
degradation. Various criteria to assess image quality are used. The maximum intensity of
the point-spread function, the image of a point source in the object plane, is a good
measure for image quality. Normalized to unity for the perfect imaging system, its value S
for an aberrated system yields useful information on the imaging performance that can be
expected. This quantity was defined by Strehl in 1894 and is commonly called the Strehl
ratio [1]. Another quality measure for imaging systems is the root mean square value W
of the wavefront aberration in the exit pupil of a system. For modest aberration values,
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smaller than the wavelength A of the light, a direct relationship can be established between
the Strehl ratio S and Wiy, [2] according to

S=1-kKW,, (1)

with k=2m/A. A well-corrected optical system should not produce a Strehl value below
0.80 and the corresponding upper limit for the root mean square wavefront aberration
equals W,ns <0.071x. The well-corrected optical systems described above are meant to
operate at a well-defined and fixed aperture and any change in it compromises the
balancing of aberrations that was obtained in the design process. The change in aperture
towards higher values generally is excluded because of mechanical constraints. A lower
aperture is possible but can lead to rather unexpected effects in, for instance, the root mean
square residual aberration or the Strehl ratio of the produced point-spread function of the
system. As an example of systems with a variable aperture we quote lithographic
projection systems. At some occasions they are used below their maximum aperture value
to optimize the imaging on the wafer of a particular mask structure with less demanding
features. Another possible change in effective aperture is brought about by a central
obstruction. This type of obstruction is found when extra beams of light have to be
transported through the imaging system with the aid of auxiliary mirrors or, simply,
because the system is meant to be catadioptric by design. Examples of these systems are
also found in optical lithography and, of course, in astronomical observation. Another
class of optical systems with varying aperture uses a so-called iris diaphragm. In most
cases, the iris diaphragm is found in imaging systems that are operating far away from the
diffraction limit, like in those for classical photography. However, with the advent of
short-focus, image-sensor based photographic lenses, these systems operate close to the
diffraction limit. On the other hand, in these modern devices the action of the mechanical
iris diaphragm has mostly been replaced by an electronic shutter. One optical imaging
system in which the (circular) iris remains fully active is the eye of humans and humanoids.
In ophthalmology, the eye doctor carries out measurements on the optical eye with varying
iris diameter or at full aperture using an iris-freezing drug. When studying visual
perception or when obtaining images of the retina via the eye lens, the aberrations as a
function of iris diameter need to be well known and, if necessary, they are scaled from the
full diameter to the actual active diameter. Important changes in aberration correction and
Strehl intensity can be expected in this case.

Both the point-spread function and, for high-quality systems, the Strehl ratio can be
expressed in terms of the Zernike coefficients of the pupil function. The description of
optical systems in terms of Zernike expansions of pupil functions is, in fact, a very
powerful and widely used method to which a whole chapter (Chapter 9) has been devoted
in [3]. It is therefore of considerable interest to quantify how the Zernike coefficients of the
pupil function vary when the aperture is reduced to a fraction e<1 of the maximum
aperture value. Changing the aperture has a major and non-trivial impact on the Zernike
coefficients, and in recent years several papers [4-9] have been devoted to this difficult
problem. The contribution of the present paper is that it offers a complete mathematical
treatment of this problem, with applications to the Strehl ratio and computation of the
point-spread function of optical systems as well as to optical system characterization for
obstructed systems from through-focus intensity data.
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To be more specific, we consider a pupil function
P(p,9) = A(p, D) expli®(p,v)], 0<p=<1, 0=<9<2nm, (2

on a unit disk with amplitude 4>0 and real phase &, where we assume that the
normalizations are such that the maximum aperture value gives rise to a pupil radius of
unity. The pupil function P can be thought of as being represented in the form of a Zernike
series according to (polar coordinates)

P(p.0) =Y BIZr(p.®). 0<p=<1 0<0<2m. 3)

n,m

Here Z)'(p, ©) denotes the Zernike function

m m cos n/lﬂ’ 0 =p= 19 U< 27‘[, (4(1)
Z}’l(p’ﬂ):Rn(p) .
sinmd, 0<p=<1 0=<9=<2m (4b)

with integer n, m > 0 such that n —m is even and > 0, and R] is the Zernike polynomial of
the azimuthal order m and of degree n, see [3], Appendix VII. For simplicity, we shall only
consider the cosine option in (4), the treatment for the sine option in (4) being largely the
same.

The through-focus complex-amplitude point-spread function U pertaining to the
optical system is expressed in terms of the pupil function P as the diffraction integral

1 1 027 ) )
Urg.f) = UO exp(if0?)P(p, 9) expl2rirpeos(s — p)lpdpds, 5)

where we have used polar coordinates r, ¢ in the image planes and f denotes the focal
variable. Also, the Strehl ratio of the optical system is defined as

o lmnnee.mod as|

/m 1P Do dpds|

(6)

Using the Zernike expansion (3) of P, the point-spread function U admits the
representation

Ulr,g.f) =2 "BV (r.f) cos me, (7)

in which the V7" are specific functions that have become available in tractable form
recently (Section 4 has details for this). Similarly, under a small-aberration assumption, the
Strehl ratio S can be approximated in terms of the Zernike expansion coefficients « of the
aberration phase @ according to

D(p.0) =D allZi(p.9), 0<p=<1l, 0=<v<2m ®)

n,m
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as
S, ~ Sla) =1 - ZL"W )
’ . n,m 8’”(’1 + 1)
(real a’s; g9 =1, ¢, =&, ="---=1, Neumann’s symbol). In the summation in Equation (9)

the term with (n, m)=(0, 0) is omitted.

Now reducing the numerical aperture (NA) to a fraction ¢ <1 of its maximum value,
means that we set P(p, ") =0 outside the disk 0 <p<e, 0 <9 <2m, and leave P as it is
inside the disk. In order to obtain convenient forms for U and S as in (7) and (9), it is,
in principle, possible to expand the new P = P, as a Zernike series on the full disk 0 < p <1,
0 <® <2m. However, the resulting series has poorly decaying coefficients, due to the
discontinuity at p =& (Appendix 3 is explicit about this). Also, it is not clear what the new
phase @ = @, and its Zernike expansion are going to be, the amplitude being 0 outside the
disk 0 < p <e. We therefore choose for a different approach in which we observe that the
new U= U, is obtained as

1 e (21 ) )
Udrgf) = UO exp(ifo?)P(p. 9) expl2rirpcos(d — p)lpdpdd

2 ¢l 27
= ;J J exp(ife?p*)P(ep, ¥) exp[2mirepcos(® — @)lpdpdy (10)
0Jo

in which the last expression in (10) has been obtained from the middle one by changing the
variable p, 0 < p <eg, into €p, 0 < p < 1. By the same variable transformation, we have that
the new Strehl ratio S= S, is given by

2

1 (27
(l/n)JOJO P(ep, )pdpdv

S = 1 p27
‘(1/n)JJ \Plep. Dlpdpdd
0J0

. (11)

Equations (10) and (11) show that we are in the same position as in (7) and (9), when
we would have available the Zernike expansion of the scaled pupil P(ep, ¥), 0<p=<1,
0 <9 <2m, and of the scaled phase @(e, p, ¥), 0<p<1, 0 <9 <2x. Limiting ourselves
here to P (the developments for @ being the same), we thus seek to find the Zernike
expansion

P(ep.9) =Y BNeZy(p.9). 0<p=1, 0<v<2r (12)

in which the coefficients g'(e) should be related to the g’ in the Zernike expansion of the
unscaled P(p, ), see (3).

The problem of expressing Zernike coefficients of scaled pupil functions into Zernike
coefficients of unscaled pupil functions has been considered recently, see [4-9]. The
developments in [4—7] eventually led to an explicit series expansion for the matrix elements
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M7 (e) required to compute B)'(e) from B according to
nn q p g

2(l’l+l)ﬁ (8) ZMZ‘;I(S)ﬂﬂ/’ n=mm+2,..., (13)

see [7], Equation (19) (Dai’s formula) and Appendix 1 where we give a new proof for it. We
note here that the computation scheme decouples per azimuthal order m due to azimuthal
orthogonality of the Z’“(,o, ©). The factor 1/2(n+ 1) in front of B'(¢) in (13) is due to the
normalization jo R’"(,o)) pdp=1/2(n+1) of the Zernike polynomials. The matrix
elements M (¢) take by orthogonality of the R the form

nn'
1
M), () = JOR,Zf(Ep)RZ’(p)p dp, ni=mm+2,.... (14)

Indeed, since by (3)
P(ep,v) = Z,BZ?RZ?(&,O) cosmy, 0<p<l1, 0<9<2nm, (15)

n',m

we need to find the Zernike” expansion of RJ(ep):

Ri(ep) =) 20+ DM, R (p), 0<p=<l. (16)

A more general matrix approach for scaling, rotating and displacing pupils was considered
in [8]; this yields, however, not the explicit type of results for M7, that we are interested
in here.

In [9] it is shown that
R\(¢) — R (e)

n

2n+1)

where it is understood that R;‘ = (0 when k, / are integers > 0 such that / — k is even and < 0.
A number of consequences of Equation (17) was noted in [9]. Among these is the formula

Br(e) =Y (Ri(e) = R ()P, n=mm+2,..., (18)

M) .(e) = ' =mm+2,..., (17)

where the summation is over ' =n,n+2,.... Furthermore, in [9] an expression for the
derivative of «'(¢) and for S(a(¢)), see Equations (8) and (9), at e=1 is given, showing
large sensitivity of aberration coefficients and Strehl ratios for values of & near the
maximum 1.

In this paper we expand on the investigations in [9] which was only a brief letter aimed
at the lithographic community. Thus, we present formulas for the first two derivatives of
Bl(e) and S(a(e)) at general € €[0, 1], and we consider these results in the context of the
semigroup structure governing scaling operations. We also present examples of pupil
functions for which (d/de) [S(a(e))] and (d/de)* [S(a(e))] at e=1 can have all four
combinations of signs. These examples are somewhat counterintuitive, the common
opinion being that Strehl ratios of scaled pupils should decrease when NA is increased.
We furthermore show how the in recent years developed Extended Nijboer—Zernike (ENZ)
formalism, see the ENZ website [10] or [11-16], for the computation of through-focus
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optical point-spread functions and the retrieval of optical aberrations from through-focus
intensities, has to be modified so as to apply to scaled optical systems and to systems with
a central obstruction. As an example, we show a retrieval result for a Gaussian, comatic
pupil function on an annular set under high-NA conditions. The proofs of our results are
collected in the three appendices.

2. Mathematical results

In this section we present our results in a mathematical form; the application of these
results are to be found in the subsequent sections. All proofs are contained in Appendix 1.

2.1 Basic results

We start by repeating the basic result (17), extended as

M ey RelO) = RZ(e)  RH©) — Ry o)

m’ 2n+1) 2e(n’ + 1) ’
that we discuss and prove in full in Appendix 1. Since we have by convention that R’f =0
when /— k<0, we see that

nn=mm+2,..., (19)

M. (¢) =0, noutside {m,m+2,...,n'}. (20)

Furthermore, M (¢) does not depend on m; however, note that in Equation (17) both
indices n, n’ are restricted to m,m+ 2, .... Evidently, we also have from the two identities

in Equation (19) that

B Z(n_tll) (R () = Ry (DB, n=mm+2,.... 1)

As a consequence of the second identity in Equation (19) we show in Appendix 1 that
forn, ' =m, m+2,...

m _ ¢
M,m(e)—iz(n e (22a)
Mm 11 2 n(1n+1)22_1 k_l r —1.2 22b
() == (1 —&)e'P 2" =1, k=s0-m=12,..., (22b)

where Pgo“ﬂ ) denotes the Jacobi polynomial with parameters «, 8 and of degree /, see [17],
Chapter 22. These formulas can be used to show that M (e) has appropriate behavior as
ey 0 ore? 1. Indeed,

nn'

M (¢ =0) =0 all allowed m, n,n’, (m,n)#(0,0). (23)
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Therefore, B7(0) # 0 for m=n=0 only: for e =0 the scaled pupil function reduces to a
constant. Furthermore, since P(1 "+l)(1) =k, see [17], item 22.4.1 in Table 22.4 on p. 777,
we have that

m _ 1 _ n —
MO =305 s Ot (24)

n—n
2

when ¢ 1 1. The case ¢ =1 corresponds to the full (unscaled) pupil, and thus the formulas
(22a) and (22b) for e =1 correctly show the orthogonality and normalization properties of
the R'(p), 0 <p<1.

As a consequence of the first identity in (19), the orthogonality and the
normalization properties of the R]'(p), 0<p <1, and the definition of M (¢) in (14),
we have that

M (&) =—(1—e)+---, =1,2,... (24b)

R(ep) = Z(R () — R (e)R™p), n =mm+2,..., (25)

n

where the summation is over n=m, m+2,...,n’. There is a variety of other identities of
type (25) that can be obtained by interchanging ¢ and p and/or by reorganizing the series
expression at the right-hand side, and/or by using the second identity in Equation (19).
We may also observe that all equations presented up to now are valid for all complex
values of g, p (not necessarily restricted to [0, 1]).

2.2 Results on derivatives

2.2.1 Expressions for derivatives of Bl
There holds for m=0,1,... and n=m,m+2, ...

S = Y RYE) + (n+ DR 29

n

where the summation is over n'=n, n+2,.... The particular case e =1,
(’3111) 1) = nﬂT + 2(n + 1)[/3212 + IBZ7+4 + -]

o0
=) +20+ 1)) Brix (27)
k=1
was already presented in [9]. Furthermore, we have

A\ nn—1y 3n—n( +2)\ .,
(&) =S| (F=s+ T me

(n+2)(n+3) 3n+2)+n'0 +2)\ 0 ”
+<— s T 2 )Rnr+ (8)}f5n,

(28)
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which shows that compact results for higher derivatives than the first one should not be
expected to exist. The explicit result for the case e =1,

" 11 - 3 /1
(B7)'(1) = n(n — 1B +4(n+1) Z[k(n +hk+1)— 5]/3,%{ (29)
k=1
is, however, still reasonably tidy.

2.2.2 Expressions for derivatives of S(w(e))

We consider pure-phase aberrations P =exp(i®) in which the real phase function @ has the
Zernike expansion

D(p, D)= ayZi(p.®). 0<p<l 0<v<2m (30)

with real, reasonably small expansion coefficients . We shall generalize the notion of the
Strehl ratio by defining it as

S= max U, (31)

where U is the point-spread function given in Equation (5), and V denotes a subset of the
focal volume such as

(i) the single point best focus, on axis,
(i1) the x axis at best focus,
(ii1) the optical axis (f axis),
(iv) the whole (x, /) plane.

Note that | P| =1 so that the normalization as in Equation (6) disappears in Equation (31).
Furthermore, since we have restricted consideration to the cosine option in (3), we have in
(i1) and (iv) only the x axis, rather than the whole image plane (x, y).
In this more general situation, the Strehl ratio has the approximation
>y Zie. )

1 1 27‘[
S(a):l——JJ
Tlodo |m

o @y
=1-2 oG 32

2
pdpdd

where the ~ on top of the summation signs means to indicate that in the summation a set
of the form

{(n,m)Im=0,1,...; n=mm+2,...,n(m)— 2}, (33)

with integer n(m)>m having the same parity as m, has been deleted. In the above four
cases the appropriate choice for the set in (33) is

1) n0)=2; n(m)y=m, m=1,2,...,
(1) n(0)=2, n(1)=3; n(m)=m, m=2.3,...,
(i) n(0)=4; n(m)=m, m=1,2,...,
@iv) n(0)=4, n(1)=3; n(m)=m, m=2,3,....
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We then have the following results. We let

P(p. V. ) = Za (&)Z)'(p. ) (34)

be the ~-reduced aberration phase of the scaled pupil. Then

1 (27 2
9 Sofe)) = ij J (o, 9, &)2pdpdd — ij 1B(1, 9, )2 do 35)
de e Jolo 7e Jo

and
d 2 —6T1 1 27 N 1 2 5
(dS> S(a(s)):gz[njoj |P(p, 9, €)]*p dpdﬁ—gjo |P(1, 9, s)|2dﬁ‘}
2
——jo D \d(p, 9. ) dv. (36)

These formulas can be written succinctly as

S(a(e)) = 1 — D) i (37)
4 (St = 2 (186 iy, - 18) (38)
de ale - e ( & disk & nm)
( ) (S(O[(‘?))) - 5 (|¢(8)|d1sk |¢(8)|r1m) T q. |d)( )Il‘lnl’ (39)

where the two types of averaging refer to the whole disk 0 <p <1 and the rim p=1,
respectively. The formulas (38) and (39) give a clue as to how to choose @ such that the
first and second derivative of S(a(¢)) at e =1 exhibit a desired sign combination (also see
Section 3).

The first two derivatives of S(x(e)) can also be expressed solely in terms of «(e).
There holds

2
3 (stetem =23 D Sy (Z a’”(e)> (40)

n,m Em n

and
dy’ 6l @@ 1)
(5) een =2 {Z R e RO (Z o, <e)>
ZE (Za"’(e)) (Z(a'") (e)) (41)

where the ~ on top of the >, means to indicate summation over n=n(m), n(m)+2,....



Downloaded By: [van Haver, S.] At: 14:09 19 May 2008

1136 A.J.E.M. Janssen et al.

The case that ¢ =1 deserves special attention since often the NA is reduced only a small

fraction below its maximum value. We have «'(e = 1) =« and P(e=1)= is the
~-reduced aberration phase of the unscaled pupil. Then we get, for instance,

%(S(oz(s)))‘g:l = 2<|§§|§i5k |q§|§]m)
2

(o) (<&,
;Sm((jl—i-l) ;;(Zaﬂ> > (42)

and

dy (@)’ WA
(&) S(a(g))‘é‘:] =—6 ng(n T 1) Za (Z O{n>

n.m m n

S I

2.2.3 Semigroup structure of the scaling operation

We set for 0<e<1 and m=0,1,...

"= (ﬂ:?)nzm,erZ,...’ ﬂm(g) = (521(8))n=m,m+2,...’ (44)

and

Nm(g) = (NZIn (8))n,n’=m,m+2,4.. = (RZ’(S) - szz(g))n.n/zm,mjtlm' (45)

Thus, N (¢) denotes the matrix element of N"'(¢) with row index n and column index #'.
From Equation (18) we have for m=0,1,...

B"(e) = N"(e)f". (46)
We shall below omit superscripts m by which we mean to say that we are considering the
whole aggregate of coefficients and matrices in (44)—(45) with m=0,1,....
The property that scaling the pupil function by factors &; and subsequently ¢, is the
same as scaling by the factor g1, = &5 is reflected in terms of B’s and N’s as
Ble2e1) = N(e2)B(e1) = N(e2)N(e1)B
= B(e1£2) = N(e1)B(e2) = N(e1)N(e2)B
= N(e261)B = N(e162)P. (47)

Hence, the (N(¢))y <. <1 have a commutative semigroup structure (for a group structure we
would also need the existence of inverses). Note that

N(e = 1) = I(identity matrix). (48)
The semigroup property
N(e261) = N(e2)N(e1) = N(e1)N(e2) (49)



Downloaded By: [van Haver, S.] At: 14:09 19 May 2008

Journal of Modern Optics 1137

can also be verified directly from Equation (25). Indeed, using (25) for RZ"(sp) and
R"+2(gp), we get for any m=0,1,...,m=n", " —2,... from Equation (45) that

N, (ep) = R (sp) — R}, *(ep)

= (RI(2) — R (@)(Ry () — Ry (p))
=Y NN () = (N"(D)N" (), (50)

The infinitesimal generator B of the semigroup (N(g))p<.<; is defined as

d
B:$N(s) o (51)
By Equation (46) we have for m=0,1,...
(B"Y (1) = (N")()B" = BB". (52)
Hence, from Equation (27) we see that the row of B” with index n=m, m+2,... is
given by
00--- 0 n2n+1) 2(n+1).... (53)
n—m
2

The infinitesimal generator is useful for compact representation of results of computa-
tions. This is based on the formula

00 k
N(s) = exp(B In &) = Z(h}j) B, (54)
k=0 :

For instance, we have for /=0,1,...

I !
<%>,B(s) = ((%) exp(B In 8)),3. (55)

For /=1 this yields

B(e) = - BN(e)B. (56)

&

and this gives (26) when using (53) and (45). Similarly,

d
3o @@ = (VS)(a(e)) - o (e) = é(VS)(a(E)) - Ba(e). (57)

This shows how the general results (38) and (40) follow from the e =1 result in (42).
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3. Quality assessment of NA-reduced systems by Strehl ratios

We consider in this section pure-phase aberrations so that the pupil function P is given as
exp (i®) with @ having the Zernike expansion (8) with real and sufficiently small «’s.
We can then replace the Strehl ratio in (6) by the quantity S(«) in (9) where the summation
over (n,m) omits the term (n,m)=(0,0). Thus, in the general setting of Subsection 2.2.2
we have the case

1) n(0)=2; n(m)=m, m=1,2,....

Figure 1 shows an example where we scale an aberrated pupil with o} = 0.1 and &} = 0.1
while all other o)) = 0. We have in this case by Equation (18)

al(e) = A} Ri(e) + al(Ri(e) — Ri(e)) = 'l + (4e” — 4&¥)arl, (58)
al(e) = alR3(e) = &al. (59)
Furthermore, in agreement with Equations (26) and (28)
(@) (e) = 3%} + (20e* — 12e%)al,  (al)(e) = Setad, (60)
and

(@3)(e) = 6eas + (808 — 24e)at,  (a)"(e) = 20&’arl. (61)

In the case e =1 we then find o}(1) = o}, k(1) = &, and, in agreement with (27) and (29)

1 1 1 1 1
(@})(1) = 30} + 8k, (@l)(1) = 5al, (62)
and
(@)(1) = 6a} + 56at, (ad)'(1) = 20at. (63)
(@ 0.2 () 0.1
—Eq. —Eq.(59)
01 H g 0.09 T Ediez)
0.08 0.08
0.06 0.07 /
_. 0.04 _. 0.06 .
w w 1
o 0.02 "o 0.05 !
3 0 - S 0.04 /
-0.02 K 0.03
~0.04 0.02
-0.06 ! 0.01
-0.08 0
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1
€ €

Figure 1. Scaling an aberrated pupil with &} = ol = 0.1 to relative size & < 1. In (a) we show al(e)
as a function of ¢, see (58), where the tangent line at ¢ = 1 has slope given in accordance with (62).
In (b) we do the same for al(e).
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We note from these formulas that the relative sensitivity (o;n"’)*1 do)'/de increases sharply
when ¢ approaches 1. In the case of Figure 1 we have

1 1
—@)() =11 @) )=5. (64)
o3 as

We next consider the Strehl ratio for two pupils containing a variety of aberrations
(low-to-medium-high order spherical, coma, astigmatism and trefoil). In the first example,
see Figure 2, the Strehl ratio as a function of the scaling parameter ¢ behaves as one
expects: it decreases with increasing NA, and it does so faster at higher NA. A somewhat
more complicated behavior of the Strehl ratio as a function of NA occurs in the second
example, see Figure 3. For this second example, we have displayed in Figure 4 the plots of
eight functions «'(e) with scaling parameter ¢ between 0 and 1.

The example in Figure 3 already shows that the behavior of the Strehl ratio as a
function of NA can be more complicated than one is inclined to expect. The next example
illustrates how complicated things can get, even in the simple case that only two spherical
aberration terms are present. In Figure 5 we have plotted

o (@"(e))
S(a(e)) = 1 (n’m;wigm 1D (65)

for the case of the radially symmetric aberration phase

B(p, 9) = P(p) = a4 RY(p) + g RY(p) (66)

0.999

——Eq.(18, 32)
0998+ |---Eq.(42)

0.997
0.996
— 0.995
0.994 -
0.993
0.992 -
0.991 1

0_99 1 1 1 1
0 0.2 0.4 0.6 0.8 1

€

Figure 2. Strehl ratio S(a(¢)) as a function of ¢ for a pupil containing the following cocktail of
non-zero aberrations: &3 = 0.1, of = 0.03, o) = 0.01 (spherical); &} =0.1, o} =0.03, &l =0.01
(coma); a3 = 0.1, & = 0.03, & = 0.01 (astigmatism); o = 0.1, o = 0.03 (trefoil). The drawn line
shows S(a(e)), see (18), (32) with «’s instead of f’s, and the tangent line at & = 1 has slope given in
accordance with (42).
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1 T T T T

0.999 - ——Eq.(18, 32)
- - -Eq.(42)

0.998
0.997 |
0.996 |

% 0.995 |
0.994 |
0.993}
0.992}
0.991 |

0.99

0 0.2 0.4 0.6 0.8 1
€

Figure 3. Same caption as in Figure 2, with a different cocktail of aberrations: &) = 0.1,
o} = —0.075, o = 0.05 (spherical); &} = 0.1, &} = 0.05, ot = —0.025 (coma); &3 = 0.05, & = 0.1,
a2 = —0.05 (astigmatism); o3 = 0.05, o = 0.05 (trefoil).

with of = —af = 0.047. We see that S(a(e)) exhibits the expected behaviour only to
£=0.6, after which S(x(e)) increases.

Let us examine what happens at e =1 in the case that S(a(¢g)) and @ are as in (65)—(66)
with general off and &). We get from formulas (42)—(43) in this case

d 1 1
(S| =2 (7 (@)’ +3 (ag)2> — 2o} +af), (67
and
dy’ Lo, 1 o0 0 042 0 0 0 0
(dg) (S| _ = —6(7 (@) +5 (@)’ — (@ + o) ) — 4( + )220 + 10a)).

(68)

We set 1 = /e, and we consider the quadratics

01(0) = @y’ g S| =2(37+5) - 20+ 17, (©9)

2
0:(0 = (5, ) (Seten)|_

= —6<;tz+%— (1 + 1)2) —4(t + 1)(221 + 10). (70)



Downloaded By: [van Haver, S.] At: 14:09 19 May 2008

Journal of Modern Optics

1141

0.2 0
-0.02
0.15
-0.04
= =
Sa 0.1 = o< -0.06
3
-0.08
0.05 7
-0.1 .
0 -0.12
0 02 04 06 08 1 0 02 04 06 08 1
€
0.06 0
S ~
0.05 -0.005 .
0.04 \
o = -0.01 \
~o 0.03 o \
3 8 -0.015 \
0.02
0.01 -0.02
0 -0.025
0 02 04 06 08 0 02 04 06 08 1
€
0.1 0.12
> ~
0.1
0.05
0.08
= / =
aaw O v ~< 0.06
3 3
0.04
-0.05
0.02
-0.1 0
02 04 06 08 1 0 02 04 06 08 1
€
0.06 0.05
0.04 0.04
d
5 002 ) 5 003 /
3 0 7 3 0.02 /
! /
-0.02 I 0.01
!
-0.04 0
0 02 04 06 08 1 0 02 04 06 08 1
€
Figure 4. Scaling the aberrated pupil of Figure 3 to relative size ¢ < 1. The drawn lines in the

separate figures show o/'(¢), as indicated along the vertical axis, according to (18) with «’s instead
of B’s. The tangent lines at ¢ = 1 have slope given in accordance with (27) with «’s instead of fs.

There holds

01(0) = —

0. = 2

12

37715
7,,308) _ 580
5 T

+ 725

<t2+zl+E> z—g(l—lu)(l—ll,f)» (71)

G

(1 =)t —12), (72)
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0.999
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0.997 -
0.996

o 0.995|
0.994
0.993 |
0.992 -
0.991
0.99

0 0.2 0.4 0.6 0.8 1
€

Figure 5. Strehl ratio S(a(e)) as a function of & for a pupil with two non-zero aberration
coefficients, o = —a? = 0.047. The drawn line shows S(a(¢)) as given by (65) while the tangent line
at ¢ = 1 has slope given in accordance with (67).

S'<0 &0 S'<0
< 3
t1 | t1,+

! !
T T T
_2 _ t—
S <0 Tty b, O s <0

S”>0

Figure 6. Sign of S, §” = (d/de)[S(a(e))], (d/de)’[S(c(e))] at & = 1 for the case that the
aberrations are given in (66) and ¢ = o /ag. The special points ¢, 4 and ¢, 1 are given in (73)—(74).

where
7 (77\/? 7 [ 77\/?
fo=—+(-—) =-0512619438, ¢ _=—-—(—) =—1.820713896, (73
L+ 6+<180) > 6 (180) . (73)
7 189 \'/? 7 189 \//?
be==15+ <m> = —044711117, 1 =—15~ (m> — —0.955288883.
(74)

Since t; <ty <t <ty it is seen that all sign combinations for the first and second
derivative of S(a(e)) at e =1 occur. Also see Figure 6.

4. ENZ-theory for NA-reduced optical systems and for systems with a central obstruction

In the so-called Extended Nijboer—Zernike (ENZ) theory of diffraction, a general pupil
function P, defined on the full disk 0 < p <1, is expanded as a Zernike series as in (3), and
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the complex-amplitude point-spread function is obtained as

1 p27
Ut 0.f) = JOL exp(if o)) P(p. B) expl2iprcos(® — ¢)]pdpdd

=2 i"BIV(r.f) cos me. (75)

nm

In (75) we have normalized polar coordinates r, ¢ in the image planes, and f is the
normalized focal variable (under low-to-medium-high NA conditions it is permitted
to represent the defocus factor by exp (ifp?). The V" in (75) are given in integral
form as

1

Vi) = | explroIRY M o0 . (76)
where J,,, is the Bessel function of the first kind and of order m. The V7 can be computed in
the form of a well-convergent power-Bessel series for all values of r and values of | f] up to
20, or, alternatively, in the form of a somewhat more complicated Bessel-Bessel series
that converges virtually without loss-of-digits for all values of r and £, see [11,15]. For basic
ENZ theory, we refer to [l1,12]; for retrieval of aberrations from intensity
point-spread functions in the focal region under low-to-medium-high NA conditions
within the ENZ framework, we refer to [14,16]; for point-spread function computation
under high-NA conditions (including vector diffraction theory and polarization),
we refer to [13]; for aberration and birefringence retrieval under high-NA conditions,
we refer to [18,19].

4.1 ENZ point-spread function calculation for scaled pupils

We shall first consider the scaling issue in the basic ENZ setting as presented above.
So assume that we have a smooth pupil function P(p, ), 0<p <1, 0 < <2x. Setting the
NA value to a fraction ¢ <1 of its maximum amounts to hard thresholding of P(p, ©¥) to
the value 0 for e <p<1. A direct use of the ENZ formalism, in which the thresholded
pupil function is developed as a Zernike series on the full pupil 0 < p <1, is cumbersome
since an unacceptable number of terms in such a series is required for a reasonable
accuracy. In Appendix 3 we show that for the case that P(p,9)=1,0<p<1, 0<9<2m,
the thresholded pupil has Zernike coefficients ,3(2),1 that decay as slow as n~ /%, Instead, we
proceed as in (10), where the point-spread function of the NA-reduced optical system is
written in the form

2 ¢l P21
Uur . f) = %UO exp(i fe20Y)P(ep. ) explmirepcos(@ — @lpdpdd.  (77)

From the Zernike expansion

P(ep, ) =) _ B(&)Z) (0, 9) (78)

n.m
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of the scaled pupil function, with g'(e) given by Equation (18), we then get

Ue(r, @.f) =267 Y "B (e)Vy'(er, €°f) cos me. (79)
n,m
An alternative approach, leading to the same computation scheme for U,, is to insert
the Zernike expansion (3) of P into the first double-integral expression in Equation (10).
Using Z7(p, ¥) = R)'(p) cos md, this leads to

Ue(r, 9. /) =2 ) "By Vi(r. f: €) cos me, (80)
where
VOGS ) = L exp(if )R ()2} dp. (81)

With the substitution p=¢p;, 0 < p; <1, in the latter integral and using Equation (25) to
write R'(ep1) as a linear combination of the R)'(p;), we get from Equation (76)

VI fie) = € Y (RI(e) — RITH)Vire. f67). (82)

The advantage of (80) and (82) over (79) is that (80) is directly in terms of the Zernike
coefficients of the unscaled pupil function and that the scaling operation is completely
represented by the modification of V)" functions as in (82).

In a similar fashion we can compute point-spread functions pertaining to a pupil
function P that vanishes for 0 < p<e and that admits in ¢ < p <1 a Zernike expansion

P(p.9) =Y Yl Zi(p.9), e<p=<l, 0<v<2m (83)

n.m

In Appendix 2 we shall address the problem of how to obtain a feasible Zernike
approximation as in (83) for a well-behaved P in an annulus ¢ < p < 1. Now the point-
spread function U corresponding to this P is given by

U(r, .f) =2 "y W (r, f; €) cos me, (84)

where

1
W fo6) = J exp( /o)) R (0)Im(2r0)p dp
VP f) = VIS o) (85)

with V'(r, f) and Vi'(r, f; ) given in (76) and (82), respectively.

A related result concerns the computation of point-spread functions for certain multi-
ring systems. Assume we have a pupil function P(p, ), 0<p<1, 0<9<2xw, with a
Zernike expansion as in (3), and numbers

O=¢g <1 <--<sgy=1; a,a,...,a;€C, (86)
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and consider as pupil function

P(p,9) = aiP(p,v), &-1<p<g, 0=<v=<2m (87)

with j running from 1 to J. Compare [20] where the case P=1 is considered. Then the
point-spread function U corresponding to P is given by

Ulr, @.f) =2 "B V(r.f) cos me (88)

nm

in which

a J exp(if p°) R (p)Jm(2mrp)pdp

Ej-1

~

j
@V (r. foe) = V(. £ g0 (89)

2

J
I;:?(V,f) = Z
=

J

=

with V'(r, fi ) given in (82).

4.2 ENZ aberration retrieval for optical systems with a central obstruction

Assume that we have an optical system with an unknown pupil function P(p, ), 0<p <1,
0 <9 <2 In [14,16] it has been shown how one can estimate P from the through-focus
intensity point-spread function /= |U|* of the optical system. The key step is to choose the
unknown Zernike coefficients " of P such that the match between the recorded intensity /
and the theoretical intensity

2

\UGr. @. P = |2 "BV (r. f) cos mg (90)
n,m
is maximal. This procedure, and sophisticated variants of it, is remarkably accurate in
estimating pupil functions with aberrations as large as twice the diffraction limit.
In the case that the pupil function is known to be obstructed in the region 0 < p<e,
aberration retrieval can be still practiced with the above sketched approach by
appropriately modifying the J’' functions involved in it. We thus propose P of the form

P(o.0) =) viZN(p.9). e<p=<l, 0<v<2m 1)

n,m

in which the y" are unknowns that are to be found by matching the recorded intensity and
the theoretical intensity. This theoretical intensity is given in this case, see (84), as

2
Ir,0.) = UG @. ) = 2> "y Wi(r. f: €) cos mg) 92)

n,m
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with W' given in (85). In Subsection 4.3 we shall illustrate this procedure with an example
(Gaussian, comatic pupil function obstructed in the disk 0 < p < 1/2 = ¢), with the extra
complication that the optical system has a high NA.

4.3 Extension to high-NA systems

In [13] the extension to high-INA optical systems of the ENZ approach to the calculation of
optical point-spread functions has been given, and in [18,19] the retrieval procedure has
been extended to high-NA systems. These extensions, though involved, are still based on
the availability of computational schemes for certain basic integrals. We consider now for
integer n, m, with n— |m| >0 and even, and for integer j the integral

1 plil(l +(1— S%pZ)l/Q)—UH-l

VI foso) = J

0 (1 — 32
X exp [%(1 —(1- sépz)”ﬂ R () 2rrp)p dp 93)
in which
5o is the NA value € [0, 1], uo=1— (1 —s3)"/%. (94)

In the case that the pupil function is thresholded to 0 in a set ¢ < p< 1, the integration
ranges of the integrals in (93) have to be changed from [0, 1] to [0, €], yielding the high-NA
versions of the V)'(r, f; ) in (82). As in (81) the substitution p=¢p, 0 < p; <1, combined
with the result of Equation (25) works wonders, and we get

V(e fosoi€) = Y eVA(RY () — Ry F(e)) V;fj(rs, ”“—“),sos), 95)
: > , "

in which wuo(e) = 1—[1 — (s0¢)*]"/>. Hence, the calculation of point-spread functions and
aberration retrieval for high-NA systems with thresholded pupil functions can still be
done on the level of the Zernike coefficients of the pupil function. Also, in the case
of a pupil function obstructed in the disk 0<p<e as in (83), we can do
ENZ computation and retrieval under high-NA conditions by replacing the W7 in
(85) by
I/I/ij(}’,f; SO; 8) - VZ‘IJ(”?](‘? SO) - V"};](r,f‘, SO; 8)‘ (96)
As an example, we consider retrieval of the Gaussian, comatic pupil function
(with 50=0.95)

P(p,9) = exp[—yp” +iaRi(p)cosB], 0<p=<1, 0=<v<2r, 97)

which is obstructed in the disk 0 < p < ¢ = 1/2 and we take « =y =0.1. For this we apply
the procedures as given in [18,19] in which the V7", of (93) are to be replaced throughout by

the W', of (96). Since this example can at the present stage only be considered in a

simulation environment, we should generate the ‘recorded’ intensity in the focal region
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in simulation. This we do as follows. In [16], (A19) on p. 1726, the Zernike expansion of P
on the full disk 0 <p <1,

o) o0
P(ps 19) = Z Zﬁz;+2p Z:J,-Q,;(ps ﬁ)a 0 S IO S 1, 0 S 19 S 2”7 (98)
m=0 p=0

has been given explicitly with B’s in the form of a triple series with good convergence
properties when y and « in (97) are of order unity. The representation (98) holds naturally
also on the annular set e<p<1, 0<9<2m and thus the point-spread function
computation scheme of [18,19], using this representation of P and with W', instead of
V) as described above, can be applied. In theory, when infinite series in (98) are used, the
coefficients retrieved with this procedure are not identical to the B’s used in (98) (see
Appendix 2 for more details). However, in the experiment we input and retrieve only S’s
with 0 <m, n <10, and thereby avoid this non-uniqueness problem. For this finite set of
aberration coefficients, we use the iterative version (predictor—corrector approach) of the
ENZ-retrieval method as described in [18], Section 4.1 and [21], Appendix A.
In Figure 7(a) we show modulus and phase of Punaiytic — Poeta Where Panaiyiic 18 the P of
(97) and Py, 1s the P of (98) in which the summations have been restricted to the terms

x 1076 lPanaWﬁC_Pbetal x 10718 IPbeta—Pretrieved!
(a) (b) 8
1
0.8 6
0.6 4
0.4
21
0.2 [
0 0
-1 -0.5 0 0.5 1 -1
X 1076 Angle (Panalytic)’ Angle (Pbem) X 10713 Angle (Pbeta)’ Angle (Pretrieved)

2
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1

Figure 7. Modulus and phase of (¢) Panaiytic—Poeta a0d (b)) Ppera— Pretrievea Of two perpendicular
cross-sections on the annular set ¢ = % < p < 1. Here Pypayiic is given in (97) with e« =y =0.1 and
Ppe, 1s given by (98) in which the summations are restricted to m, p with 0 < m, m + 2p < 10. Finally,
Pretrievea 18 obtained as the linear combination of Zernike terms Z7) 20 with m, p such that
0 <m,m+2p <10, where the coefficients g are obtained by applying 60 iterations of the high-NA
(50=0.95), predictor—corrector version of the ENZ-retrieval method with |Upewl® as ‘recorded’
intensity in the focal region.
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m,p with 0<m, m+2p<10. In Figure 7(b) we show modulus and phase of
Ppea — Pretrieved- Here Ppe, 1s the same as in Figure 7(a), and Piegieveq 1S the pupil
function resulting from taking the same linear combination of Zernike terms that
constitute Ppex but now with f’s that are obtained by applying 60 iterations of the
predictor—corrector procedure using |Upew|® as ‘recorded’ intensity in the focal region.
Note that the error levels in Figure 7(a) are well below those in Figure 7(b), whence a
Figure 7(c), showing modulus and phase of P, naiyiic — Pretrieved> Would practically coincide
with Figure 7(a) and is therefore omitted.

5. Conclusion

In this paper we discussed applications of a recently derived mathematical result for
obtaining the modified Zernike aberration coefficients of a scaled pupil function that
comprises both the transmission variation and wavefront aberration of the optical system.
The formulae that lead to the Zernike coefficients of the scaled pupil function have been
further developed to yield also the derivatives of the separate Zernike coefficients with
respect to the scaling ratio. Using our general scaling results we were able to evaluate the
behavior of a typical quality factor of an optical system like the Strehl ratio under radial
scaling. Surprisingly enough, the first and second derivatives of the Strehl ratio with
respect to the radial scaling parameter do not always exhibit the behavior that follows
from a simple intuitive picture, for instance a decrease in Strehl ratio with increasing
aperture. Both negative and positive values are possible for the first and second
derivatives. This means that the initial Zernike coefficients of the full pupil could be
tailored in such a way that desired derivative values are realized under radial scaling.
The mathematical method for obtaining the Zernike coefficients of a radially scaled
pupil can be implemented in the semi-analytic expression that was previously developed by
us to evaluate the diffraction integral when using the Zernike coefficients of the pupil
function. With the modified Zernike coefficients of the scaled pupil function, we easily
obtain its intensity point-spread function in the focal region. We have also shown that it is
possible to accommodate other modified pupil functions, for instance a centrally
obstructed pupil function that is common for catadioptric imaging systems. Using the
analytic tools available for the forward diffraction calculation from exit pupil to focal
region, we have also addressed the inverse problem, namely, the reconstruction of the
amplitude and phase of the pupil function of the optical system. We have demonstrated
that the pupil function can be reconstructed in a wide range of amplitude and phase defects
by using the information from several defocused intensity distributions; this method
remains applicable for radially scaled pupil functions and pupil functions with a central
obstruction. It is sufficient to adapt the forwardly calculated amplitude distributions in the
focal region, that are associated with a typical Zernike aberration term, to the modified
pupil shape. It was also shown in this paper that not only the scalar diffraction formalism
can be handled, but also the complete vector diffraction case which is needed at high
values of the numerical aperture of the imaging system. With the mathematical tools that
have been made available in this paper, we have extended the range of application of our
previous methods (analytic forward calculation and inverse aberration retrieval) to more
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general pupil shapes. These more general shapes like radially down-scaled pupils and
apertures with a central obstruction are frequently encountered in astronomical imaging,
ophthalmologic metrology and in instrumentation for eye surgery.
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Appendix 1

Al. Proof of the mathematical properties in Section 2

Al.1 Proof of and comments on the basic results

We start by showing the result in Equation (19). To that end we recall the representation (14),

1
M) = | RUHRI O dp. ot =mom+2..... (99)
0
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and use the result
RE) = DR o dr 02 p <1 (100)
0
that we shall discuss in more detail below. For now it is relevant to note that (100) holds for integer

k, >0 with same parity, with the right-hand side of (100) vanishing when /<k. Using (100) in (99)
with k=m, [=n" and ep instead of p, we get by interchanging integrals

1 00
M (e) = (—D“’""WZJ RT@)(J 1 (N lepr) dl’)p dp
0 0
; 00 el
= ) J,,/H(r)([ RO per)p dp) dr. (101)
0 JO
We next use the basic result
1
|, R0 dp = -1y 2 (102)
0 v

from the classical Nijboer—Zernike theory, see [3], formula (39) on p. 910. There results

M%@):@4W4“MWJ TurtOnir(er) g (103)
0 Er
We then apply the result

Ju(z 1

MO U@+ @), (104)

see [17], 9.1.27 on p. 361, to rewrite J,,,(er)/er and J,,1(r)/r for either instance of Equation (19).
Thus, M7, (e) is written in two ways as a sum containing two terms of the type that occurs at the
right-hand side of (100) (with ¢ instead of p). This then yields both statements in Equation (19).

We make some comments on the result (100). It is often attributed to Noll, see [21], formula (9)
on p. 207, but it can already be found in Nijboer’s thesis [22], formula (2.22) on p. 26, where it is
discussed in connection with the proof of the basic result (102), see [22], (2.20) on p. 25. The right-
hand side of (100) vanishes when /— k <0, which is consistent with the convention that R’,"(p) =0in
that case. The result (100) is in fact a special case of the Weber—Schafheitlin formula, see [17], 11.4.33
on p. 487, for the integral

J A G (105)

0 fl
that is expressed in terms of the hypergeometric function ,F. In the case of formula (100) we have
nw=Il+1, v=k, a=1 b=e Ar1r=0, (106)

and the »F, reduces to a terminating series (polynomial in &°). This series can then be expressed, by
[17], 15.4.6 on p. 561, in terms of Jacobi polynomials (¢ =0, =k, degree = 1/2(/ — k) and thus
vanishing when /— k <0, argument 2¢> — 1), and then one obtains the result (100) by the relation
Rf(p) = PP (20" = 1). (107)
As a consequence of Equation (19) we have that

1 1 m + 1 nm n
PR(p) = PRI (p) =~ (R (p) = R (), (108a)
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which is reminiscent of Noll’s result, see [21], formula (13) on p. 208,

(R () = (R (p) = (n 4+ D(R} () + Ry (0)) (108b)

that we shall use in the sequel.

We furthermore see that m has disappeared altogether from the two right-hand side members of
Equation (19). As a consequence we have for all integer n, n’, m >0 of same parity and such that
n' >n>m that

1
M6 = | R0 (109)
We shall next show Dai’s formula

0, n—n<D0,

. o (110a)

M (e) = 1 o Dm+i-ple¥ . a'—n

nn' (8) E ( ) ( j) , 1= > 0, (1 IOb)
g (n+j+ D= )Y 2

when the integers n, n’, m>0, of same parity and n>m, n' >m. This result was given in [7],
formula (19), but the proof given in [7] is somewhat cumbersome. Of course, (110) follows
directly from either instance of Equation (19) and the explicit expression

(n—m)/2 S n—2s
N (n—(=1)"p
Ri(p) = ; (1 —m)/2 — (1 + m)/2 —s)! 1y

for the Zernike polynomials. An alternative proof of Equation (110) is based upon the representation
(99) of M. (), the explicit formula (111) used with R}(¢p) instead of R!'(p), the result

m—-—a)(m—-—a+2)---(n—a—2)
m+a+2)(m+a+4)---(n+a+2)

1
| R0 dp = -1y (112
0
and some administration involving factorials. The result (112) was presented and proved in [13],
Appendix A; it also occurs implicitly in Nijboer’s thesis [22], p. 25, where it is used to prove the basic
result (102).

We next show the results (22a) and (22b). The result in (22a) follows immediately from the first
identity in Equation (19) and the fact that R(e) = &", R"*(g) = 0. To show the result (22b), we start
from (107) and we consider the second identity in Equation (19). Now using the contiguity property,
see [17], 22.7.15 on p. 782,

POP() — PO = 51— )01+ DA (), (113)

we obtain (22b).
The other properties noted in Subsection 2.1 are immediate consequences of the orthogonality
relation

1
j R (0)R"(0)pdp = 2(5"_’; 5 (114)

where §,,, is Kronecker’s delta.
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Al.2 Proof of the results on derivatives

Al.2.1 Derivatives of Zernike coefficients

We shall first show the result (26) on (87)". To that end we start with Equation (21) so that

11
PIE = 3 (RENE) — RI €8 (115)

Now

1 —1
(Berithior - mirhien) = = itk o) - Rihien + LRI ) — (R o)

_ -+
T e n+1

(R () = Ry(e)) + — ((RZTI)'(S) (R (e),  (116)

where the second identity in Equation (19) has been used. We next use Noll’s result in (108b), and
we get

(Lot - mehien) = LR - R+ Lo+ Do) + R0
ln +1 n+2
( R}, (e) + (n+2)R)(¢)). (117)

Inserting the latter result into (115) we get Equation (26).

Equation (27) is an immediate consequence from Equation (26) and the fact that R™2(1) = 0,
R =R =1, 1n=n+2,n+4,.

We next show Equation (28). To that end we start with Equation (18),

Bl(e) = Z(R () = Ry () (118)

and we use [22], formula (2.11) on p. 21,

2
(1= PR (p) + (1 = 302)(RY () + (n(n +2)— ’”7) R (p) = 0. (119)

Thus, we get
e(1 = )I(R})" (&) — (RyF)"(e)] = (36* = DI(Ry) (e) — (R (e)]
+ ("; —n'(n' + 2)e> R(e) — <@ —n'(n + 2)R;;,+2(s)>. (120)
Now by (108a) and (120)

n—+1
/+1

(RLY(e) — (RIY (€)= ( R (e )—R:;*;h(e»)

= é(nRZ/(a) + (n+2)R%(e)). (121)
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This then yields

(1 = (R (e) — (R (e)] = é(n(n — DRI(e) — (n+2)(n + 3R\ (e))
+e(@Bn—n'(n +2)R)(e) + B(n+2)
+1'(n + 2)R"(e)), (122)

and from this Equation (28) follows.
We finally verify Equation (29). To that end we use Equation (26) which we differentiate once
more and obtain

(ﬂ’:)”(s)z( BIIRL(e) + - Z(nR” (8)+(n+2)R”+2(8))/3”’) (123)

where the summation is over ' =n+2, n+4, . ... Carrying through the differentiation in (123) while
using, see (119),

RI =1, (RY(1) =3 (101 +2) = i), (124)
we get
(B2 (1) = 1= D!+ Y [0+ D)+ 3060 +2) =)
32000 +2) ~ (14 D)8
=n(n— DB+ (n+ D' +2) — n(n+2) — 616, (125)
~
where the summations are over ' =n+2, n+4,.... Now writing ' =n+2k, k=1,2,... in the last

member of (125) we get Equation (29).

A1.2.2 Derivatives of Strehl ratios

2
pdpdd

We consider the approximating S(«) as given in Equation (32),
>y Z(p, D)

1 1 (27
S(a):l—fJJ
TJoJo n,m

(am)Z
;sm(n ) (120

where the ~ on top of the summation signs refers to deletion of the terms in a set
{((n,mm=0,1,...; n=mm+2,...,n(m)—2}, (127)

with integers n(m) > m of same parity as m. We shall also write X*
set in (127). Thus, Z =Zum— Zp o

Dep.9) =)o (€)Z)(p. D)

n.m

=Y " dNOZNp. 0+ Y (&) Z(p. D). (128)

n,m n,m

».m to indicate summation over the

m etc. With these conventions we have
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The first term in the last member of (128) is what we have abbreviated in Equation (130)
as &(p, ¥, &).
We shall now prove Equation (35). We have from (126) and (128)
2
pdpdy

1 1 27 N
Sta(e) =12 | [ oo 0= Y a2y,

n,m

2
1 e (21 ., .
=1- EJOJ.O D(p, V) — ; al(e)Z)(pe, 9)| pdpdy. (129)
Then we get upon differentiating
d 2 [ 21 2
_ * m m —1
5(5(0:(8)»—@]0]0 W)= 3 OZ e ) pdpay
1 d e (21 " . B
- UOL D(p, ¥) — Z () Z" (s, 9) pdpdﬁ:|. (130)

The first term in the second member of (130) equals, see (129),

2 1 (27
.

and so, see Equations (34) and (128), there only remains to be considered the second term in the
second member of (130). For this second term we use the result

Dlep. D) — Y () Z)(p. V)

n.m

2
p dpdi =2 (1 — S(a(c). (131)

i "y B "y if :
oo o] = oo+ | Fosnan (132)

and we get
d e (21
L),
27
= 8J
0

« d B
x Y L@z e 0)lpdpdy. (133)

2

D(p,9) — Y (&) Z) (pe ", D)

n.m

pdpdl?i|

2

B(e, )~y a(e)Z)(1,9)

n,m

s (21
w=2] | (% R BEACEATS 19))

n,m

From (128) and Equation (34) it is seen that the first term in the second member of (133) yields the
second term in the second member of (35) when inserted into (130). Thus, it is enough to show that
the second term in the second member of (133) vanishes altogether. To that end we compute first

%[az«s)z:?(pe*', 9] = @) () Zpe " ) — e*zaz’(e)p@ z;:1><pe*, ), (134)

insert this into the term under consideration, change variables in which p is replaced by ep and use
(128) to get

1 27 ~
_2Ho AN [82(“;1"),(8)257(@ %) —SGZ’(S)p@ZZ’)(p, ﬁ)]ﬂ dpdd (135

n,m n,m
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for this term in (133). We now note that for each (n, m) in the set (127)
20, my m m 0 m
e (e,) ()2, (0, V) — e/ (e)p %Zn (0. 9) (136)

is a linear combination of Zernike functions Z/(p, ) with ' =m, m+2, ..., n(m)— 2. Indeed, since
U 1 L I : m—+2 :
Z"™(p, ¥) = R™(p) cos m, we can write (136) as a polynomial in p with terms p”, p”"*%, ..., p" times
cosmvy. Now n<n(m)—2, and the R}(p), ' =m, m+2,...,n(m)—2, span the space of linear
combinations of p”, p"*2, ..., p"""72, from which the claim follows. Therefore, all terms occurring
in the Y * in (135) are orthogonal to all terms in the ), and thus (135) vanishes. This yields the result

(35) that can also be written in the form

21

& (State)) = 201 - Stae) - ij (1. 9, &) do. (137)
& & 7e ),

The result (36) is an immediate consequence of (137) and (34), (128) and (131).
We shall now establish the results (40) and (41). The proof of (40) simply consists of using (126)
with o)'(¢) instead of ¢/ in (137) together with the fact that

Zy(1,9)=cosmd, m=0,1,..., n=mm+2,... (138)

and Parseval’s theorem. As to the result (41), we find in a similar fashion from Equation (36) that

ay 6 | < @) (<)
(@) (S(a(e))) = -2 278’71(’1 D ;E—m <2ﬂ: ol (a))

nm

2 ~ ~
- % L (Z a)'(e) cos mz?) (Z(af)’(s) cos mz?) dv, (139)

n,m n,m

and the last expression of the second member in (139) can easily be seen to be the same as the last
expression of the second member in Equation (41) by Parseval’s theorem.

The special cases e=1 in Equations (42) and (43) follow from (1) =« and from, see
Equation (27),

(0421)/(1) =na, +2n+ Dla, , +aply+---], (140)

and some administration required to rewrite

D) as Y o+ %(n2 — *(m))). (141)

Appendix 2

A2. Zernike expansion of pupil functions on an annulus

Assume that we have a smooth pupil function P(p,?) defined on an annulus e<p<l1,
0<9¥<2m. Such a P can be represented on the annulus as an infinite Zernike series in many
ways. Indeed, we can interpolate P into the disk 0 <p<e, 0 <9 <2m, in one way or another,
and expand the completed P as a Zernike series using that the Z)' form a complete orthogonal
system for functions defined on the unit disk. Thus, the linear independence of the infinite set
of Zs restricted to the annulus is an issue. However, any finite set of these Z’s is linearly
independent on ¢ < p<1, 0 < <2xm. Hence, for any finite index set / of (n, m), there are unique
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coefficients B, (n,m)el, such that
2

ol (27
|'[ oo 3 sz pdoas (14)

eJ0 (n,m)el

is minimal.
We shall describe the actual computation of the optimal g in (142) for the case that the index
set [ is of the form

I={n,mm=0,1,....M; n=m,m+2,...,N(m)}, (143)

where the N(m) are integers > m having the same parity as m. Let m=0,1,...,and set

2

1
P"(p) = EJ P(p,9)cosmdd, e<p=<l, (144)
0
the mth azimuthal average of P. Thus, we have
[oe]
P(p,9) =Y enP"(p)cosmd, e<p<l1, 0<9<2m. (145)
m=0

Recall that Z'(p, 9) = R'(p) cos md. Hence, for fixed m=0,1,..., M, the optimal g, n=m,
m+2,..., N(m), minimize
1
|

where the summation is over n=m, m+2,..., N(m). The minimum is assumed by
(B Brras - > Bl = em(M"(e)~'p" (&), (147)

where p"'(e) = [p)i(€), Phia(e), .. ., p’I(’,(m)]T and

2
enP"(0) = Y_ BI R (p)| pdp, (146)

1
PE) = [ PUORI O dp. ol =2 N (148)

£

and

1
o) = ([ iR 00) (149)

It is a consequence of our results on scaled Zernike expansions that the matrix elements M’ (&)
can be found explicitly. We have by (114) that

m _ S ¢ i n
M (e) = S+ D) LR,, (p)Ry(p)pd p
S o[
=" _ R™ep)R™ d
e L L (EP)R (ep)p dp

} n’ _ pn'42 n’ _ ”7'*'2
Sn _ 82 Z (Rn (8) Rn (8))(R’1' (8) R” (8)) . (150)

T2+ 1) 2+ 1)

For the last identity in (150) we have used Equation (25), which gives the Zernike™ expansions of
R(ep) and R(ep), and (114) once more. Note that the summation in the series in the last member of

n'

(150) is over " =m,m~+2,...,min (n, n'). Observe also that m has disappeared. This latter fact has
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advantages in the case that all N(m)= M are equal, so that all M"(e) are bordered or extended
versions of one another, allowing recursive computation of (M"(¢))™', m=M, M—2,... and
m=M-—1, M—3,.... The matrices M"(¢) also occur when performing Gram—Schmidt orthogona-
lization of the Zernike polynomials R(p), n=m, m+2,... on [, 1] with weight pdp, see [23], that
lead to the orthogonal annulus polynomials of Tatian, see [24].

We have to address the issue of well-conditionedness of the matrices M™(¢) that have to be

inverted per Equation (147). To that end we consider the normalized system

R (p)
IR

N (p) := n=mm+2,...,N(m), (151)

where [|R)]|, = (J"l|RZ’(,o)|2p dp)2. A preliminary experiment, with & = %, m=0 and N(0)=24, has
shown that for any ay, a», ..., a4 we have

172
> c<Z|an|2> , (152)

where ¢ is of the order 0.01. Since the maximum value of the lower index » in Zernike expansions
rarely exceeds 10, it appears that the inversion of the M™(¢e) in the relevant cases present no
problems.

Y N (o)

Appendix 3
A3. Zernike expansion of hard-thresholded pupil

We consider the Zernike expansion of the pupil function P = 1, hard thresholded on the annulus
e<p<l to 0, so that

I, O<p<e, 0<9<2m, (153a)
Pe(p, ) = .
0, e<p=<l,0<9=<2n (153b)
There holds

P(p. )= B, R(p). 0<p<l, 0<w<2m (154)

n=0

where ), = &%, and, for n=1,2,...,

¢ 1

e =200+ 1| B, 000 dp =3 (R, 6 RS, 5(0), (155)

Here [25], item (10.10) on p. 190 has been used. Now, with ¢ =cosx and x €(0,7/2), and P, the
Legendre polynomials, we have

R, (e) = Pp(26” — 1) = Py(cos 2x)
12 |
=(——= 2+ Dx — -3 |
(rrpsian) COS(( p+ Dx 4”) + 0@ "), p— oo, (156)

where we have used [25], item (10.22) on p. 194. Then it follows from (155) and (156) that

in 2x\"/* . 1
0 = _2<S‘;mx> 51n<(2n + Dx — Zn) +L0n3?), n— oo (157)
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